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Abstract 



There exist two superspace approaches to describe N = 2 supersymmetric non- 

-^ hnear a-models in four-dimensional anti-de Sitter (AdS4) space: (i) in terms of 

^ AA = 1 AdS chiral superfields, as developed in arXiv:1105.3111 and arXiv:1108.5290; 

1—1 and (ii) in terms oiN = 2 polar supermultiplets using the AdS projective-superspace 

^D techniques developed in arXiv:0807.3368. The virtue of the approach (i) is that it 

^^ makes manifest the geometric properties of the M = 2 supersymmetric a-models 

in AdS4. The target space must be a non-compact hyperkahler manifold endowed 

^Q with a Killing vector field which generates an S0(2) group of rotations on the two- 

^:< sphere of complex structures. The power of the approach (ii) is that it allows us, 

^__l in principle, to generate hyperkahler metrics as well as to address the problem of 

1^ deformations of such metrics. 

.J^ Here we show how to relate the formulation (ii) to (i) by integrating out an 

S^ infinite number of AA = 1 AdS auxiliary superfields and performing a superfield 

^ duality transformation. We also develop a novel description of the most general 

M = 2 supersymmetric nonlinear c-model in AdS4 in terms of chiral superfields on 
three-dimensional N = 2 flat superspace without central charge. This superspace 
naturally originates from a conformally flat realization for the four-dimensional N = 
2 AdS superspace that makes use of Poincare coordinates for AdS4. This novel 
formulation allows us to uncover several interesting geometric results. 
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1 Introduction 

Recently, two of us (DB and SMK) have constructed the most general N = 2 super- 
symmetric cr-model in four-dimensional anti-de Sitter space (AdS4) using a formulation 
in terms of A/" = 1 covariantly chiral superfields [H [2] . The target space of such a cr-model 



proves to be a non-compact hyperkahler manifold restricted to possess a special Killing 
vector field which generates an SO (2) group of rotations on the two-sphere of complex 
structures and necessarily leaves one of them, J, invariant; each of the complex structures 
that are orthogonal to J is characterized by an exact Kahler two-form]^ The existence 
of such hyperkahler spaces was pointed out twenty five years ago in [1]. One of the 
main virtues of the A/" = 1 formulation [H |2] is its geometric character. The superfield 
Lagrangian proves to be a globally defined function on the target space, which is simul- 
taneously the Kahler potential (with respect to each complex structure orthogonal to J) 
and the Killing potential of the SO (2) isometry group (with respect to J). Another re- 
markable property of the M = 2 supersymmetric cr-model constructed in [U [2] is that the 
algebra of OSp(2|4) transformations closes off the mass shell. The only disadvantage of 
the M = 1 formulation pm2] is that it cannot be used to generate hyperkahler metrics (a 
hyperkahler space has to be given in order to define the a-model action). The latter goal 
can be achieved by resorting to powerful J\f = 2 superspace techniques such as harmonic 
superspace O [^ and projective superspace [3 El [9]. 

A few years ago, general off-shell M = 2 supersymmetric a-models in AdS4 were con- 
structed in A^ = 2 AdS superspace [TU] building on the projective-superspace formulations 
for Af = 2 matter-coupled supergravity in four dimensions pTl |T2] and A/" = 1 matter- 
coupled supergravity in five dimensions [I3l [Tl]. The work of ^U\ is a natural extension 
of the earlier 5D AdS approach developed in [151 US]. The powerful property of the con- 
struction given in [TU] is that M = 2 supersymmetric cr-models in AdS4 can be generated 
from a Lagrangian that is an arbitrary real analytic function of 2n real variables, where 
An is the dimension of the target space. Its technical disadvantage is that the hyperkahler 
geometry of the target space is hidden, unlike in the A/" = 1 formulation [Tl[2]. To uncover 
the explicit structure of the target space, the M = 2 formulation of [10] has to be related 
to that given [H |2]. For the series oi Af = 2 supersymmetric cr-models presented in [TU], 
one can in principle derive their reformulation in terms of A/" = 1 chiral superfields by: 

(i) eliminating the (infinitely many) A/" = 1 auxiliary superfields; and 

(ii) performing appropriate Af = 1 superfield duality transformations. 
These are nontrivial technical problems which are more difficult to address than in 
Minkowski space, due to non-zero curvature of the AdS space-time. These problems 
will be dealt with in the present paper. Before turning to the description of our novel 
approach, it is appropriate to recall the salient points of [H [2] and ^U\ . 



^In the case of 4D JV = 2 Poincare supersymmetry, the target-space geometry of general cr-models is 
only required to be hyperkahler 0. 



1.1 J\f =2 anti-de Sitter superspace 

In order to make use of the power of projective superspace techniques [3 El [9], one 
has to pick an A^ = 1 subspace of a given M = 2 superspace, which in our case is A/" = 2 
AdS superspace. It is pertinent here to recall its definition. The four-dimensional M = 2 
AdS superspace 

AHS^IB ■= QSp(2|4) 

■ S0(3,l) xS0(2) 

is a maximally symmetric geometry that originates within the superspace formulation of 
J\f = 2 conformal supergravity developed in [TT] . The corresponding covariant derivativeaj 

Va = {Va^V^.Vt) = Ej^^Om + ^fi/^Mfc, + <l>/^ Ji,- , I, J = 1,2 (1.1) 

obey the algebra [IHl [H] 

{VI P^} = AS'm^p + 2e^pe'^S^'Jki , {I^^, :Pf } = -2i5]{a')jv, , (1.2a) 

[Va, V^p] = \{a^)p,S^'Vl , [P„ ^f ] = ■^{a^Y^S.uV^^ , (1.2b) 

[Va.V,] = -S^Mai, (1.2c) 

where iS*-' is a covariantly constant real isotriplet, 'Dj.S^^ = 0, with the algebraic properties 
^ji ^ ^ij^ ^ij ^ ^.. ^ SikSjiS^^ and 5^ := \S'-^Sij = const. The constant S^ is 
positive and so ( |1.2c ) gives the algebra of covariant derivatives in AdS. This superspace 



is conformally flat ^^ and proves to be a solution to the equations of motion for M = 2 
supergravity with a cosmological term pTj . 



Due to (1.2), the SU(2) gauge freedom can be used to choose the SU(2) connection 
$_4*-' in (1.1 ) to look like ^^^-^ = ^^iS'-', for some one-form $_4 describing the residual U(l) 
connection associated with the generator S^^ Jij. Then S^^ becomes a constant isotriplet, 
^ij — gtj — const. The remaining global SU(2) rotations can take s*-' to any position on 

2^ - jjj — ^'^ There are two natural options for how to 



the two-sphere of radius s = \l \s^^Sij = S 
choose S^^\ 



s^ = Q- (1.3a) 

sii = s^ = . (1.3b) 

Of course, these options are physically equivalent. However, choosing one or the other 
may be more preferable to achieve certain technical simplifications. It turns out that the 



■^The SU(2) generators, Jki, act on the spinor derivatives by the rule: [Jfc/,2?J,] — ~^{6lT>ai + dlVak)- 
■^In what follows, we do not distinguish between s and S. 



choice (1.3a) must be used in order to embed an J\f = 1 AdS superspace, AdS"^'^, into the 



full J\f = 2 AdS superspace [lOj. As to the second choice, eq. (1.3b), it will be shown in 
this paper that it corresponds to choosing Poincare coordinates^ for AdS4 in which the 
space-time metric takes the form 

ds^ ={^y (vmndx^dx^ + dz^) . (1.4) 

The slices z = const foliate AdS4 into a family of three-dimensional Minkowski spaces. 



We will show, closely following the 5D AdS construction of [T6], that the choice (1.3b) 
allows uqjto choose a different J\f = 1 subspace of AdS'^'^, specifically M^'^ x ]R_,_, where 
M'^l^ denotes three-dimensional J\f = 2 Minkowski superspace without central charge, and 
]R+ :=|2;GM, z>0}. Using such a setting, the problem of reformulating the off-shell 
M = 2 supersymmetric cr-models in AdS4 |10j in terms of A/" = 1 chiral superfields proves 
to become almost identical to that appearing in the case of off-shell M = 2 supersymmetric 
cr-models in 4D M = 2 Minkowski space. The latter problem has been addressed in a 
number of publications [iHl [iHl EOl EH |22l |23] (see [21] for a review), and here we can 
make use of the results obtained in these papers. 

1.2 Formulation oi J\f = 2 supersymmetric cr-models in AdS^'^ 
As already mentioned, the choice (1.3a) is required for embedding AdS"^'^ into AdS^'^. 



We assume that AdS^'^ is parametrized by local bosonic (x) and fermionic 
dinates z^ = (x™,^f,^},) (where m = 0, 1, ■ ■ ■ , 3, ^u = 1, 2, /i = 1, 2 and z = 1, 2). By 
applying certain general coordinate and local U(l) transformations in AdS^'^, it is possi- 
ble to identify AdS^'^ with the surface ^2=0 ^^d 0-^ = 0. The covariant derivatives for 
AdS^I^ 

Va = {Va, V^, V") = Ea^'Om + I^a'^M,, , (1.5) 



are related to (1.1) as follows 

P, :=pi|, P<^:=Pf|, (1.6) 

and similarly for the vector covariant derivative. Here the bar-projection is defined by 



^The Poincare patch covers half of AdS4. It is sufficient to restrict our analysis to this coordinate 
patch when considering infinitesimal isometry transformations. 



^More precisely, we will use a conformally flat representation for the covariant derivatives (1.1) such 



that 5*^ is not constant but instead S^^ = s*-' + 0{6). Then, the choice (1.3b) leads to the required 3D 
foliation. 



for any M = 2 tensor superfield [/(x, 6'j, 6'*). It follows from (1.2) that the M = 1 covariant 
derivatives obey the algebra 

{V^.Vp} = -AjiM^p , {V^, V^} = 4/iM.^ , {V^, V^} = -2iP„^ , (1.8a) 

[Va, Vp] = -ifi{aa)i3^W , [Da, V^] = \ii{aa)^pD^ , (1.8b) 

[I),,P,] = -|/i|2M,, , (1.8c) 

where /i = — sn = — s— . As a result, each J\f = 2 supersymmetric field theory in AdS^'® 
can be reformulated as some theory in AdS^'^. 

Any Af = 2 supersymmetric nonlinear a-model describes a self-interaction of hyper- 
multiplets. When formulated in J\f = 1 AdS superspace, a single hypermultiplet can be 
realized in terms of two covariantly chiral scalar superfields. As shown in [H [2] , the most 
general M = 2 supersymmetric nonlinear a-model in AdS can be described by an action 
in AdS^I^ of the forni!] 

S= f d'^xd^ed^EJCiip",^^) , E-' = BeT{EA^^) (1.9) 

where y?" is a chiral scalar, Vaf"- = 0. Here IC{ip,ip) is a globally defined real function 
over the target space Ai which is a hyperkahler manifold. In terms of }C{<f, <f>), the target 
space metric is QaS = da&blC, and hence the Kahler two-form is exact. This implies that 
the target space is non-compact. The variables ip"' are local complex coordinates with 
respect to one of the complex structures on Ai, 

Two other complex structures can be chosen as 

\uj b y \-iuj b J 

and Ai is Kahler with respect to each of them. Here Uab '■= Qac^'^b = —^ba is a covariantly 
constant (2,0) form with respect to J3, 

VcCJab = VgWafc = , (1.12) 

and hence it is holomorphic, Uab = uJabi'^)- The operators Ja = {Ji,J2,J3) obey the 
quaternionic algebra JaJb = —^ab^ + ^abcJc- 



^The target space of the most general M — 1 supersymmetric ir-model in AdS (1.9) is characterized 
by an exact Kahler two- form [551 [251 H], and therefore this manifold is non-compact. 



As shown in [H [2], the cr-model (1.9) is A/" = 2 supersymmetric provided the following 
vector field 

obeys the Killing equationq^ 

V,H + VfeK = V,H + V-,K = . (1.14) 

It can be shown that this Killing vector field rotates the complex structures: 

£yJi = J3 sin 6* , CvJ2 = —Jz cos 9 , jCyJs = J2 cos^ — Ji sin^ , (1-15) 

where 6 := arg/i. There is a preferred complex structure 

J:= Jicos0 + J2sin0 = ^ I ^.^'^"m (1.16) 

l/^l \fico\ J 

with respect to which V is holomorphic, 

Cvl = . (1.17) 

1.3 Formulation of A/^ = 2 supersymmetric cr-models in AdS^'^ 

General supersymmetric field theories in AdS^'^ can be formulated in terms of co- 
variant projective supermultiplets [TOj. The covariant projective supermultiplets in four- 
dimensional A/" = 2 supergravity were introduced in [TT]. The definition given in [TT] was 
then specialized to the case of A/" = 2 AdS supersymmetry in [10]. A projective super- 
multiplet of weight n, Q^"'\v^), is defined to be a scalar superfield that lives on AdS"^'^, 
is holomorphic with respect to the isotwistor variables f* on an open domain of C^ \ {0}, 
and is characterized by the following conditions: 

(1) it obeys the covariant analyticity constraints 

pWgH = pWg(n) ^ Q ^ pU) .= ^^p^ ^ -pW ,= ^^p^ . (1.18) 

(2) it is a homogeneous function of v^ of degree n, that is, 

Q(^\cv) = c" Q("n^) , c G C \ {0} ; (1.19) 



^The equation VqVJ, + V^Vq = trivially follows from the definition (|1.13|. 



(3) the OSp(2|4) transformation law of Q'-"-' is as follows: 

5'V„Q(") := -f5(2)9(-2) -n5(°))Q(") , 9(-2) := j^y-^ , (1.20) 

V / {v,u] ov^ 



where 



e := r^a + er^^ + a^^ 



is an A/" = 2 AdS Killing vector field, see section^ for the definition. In (1.20) we have 
introduced 

5(2) := v.v^S'^ , 5^°) := -^ViU.S'^ . (1.21) 



The transformation law (1.20) involves an additional isotwistor, Mj, which is only subject 
to the condition (f , u) := v^Ui ^ 0, and is otherwise completely arbitrary. Both Q^"^^ and 
(^^Q*-""-* are independent of Mj. It is seen that the projective supermultiplets live in the AdS 
projective superspace AdS^'^ x CP^. 

In the family of projective multiplets, a generalized conjugation, Q*^")(f*) — )■ Q*-"''(f*), 
is defined as follows: 

Q(") [v) := Q(") {v^ia2v) , (1.22) 

with Q^-'^^iy) the complex conjugate of Q("''(f) and o"2 the second Pauli matrix. One 
can check that Q.^'^\v) is a projective multiplet of weight n. One can also see that 
Q(") = (^_i)"Q(")^ and therefore real supermultiplets can be consistently defined when n 
is even. The Q^"-* is called the smile-conjugate of Qy^K 

To describe the dynamics of supersymmetric field theories in AdS^'^, the following 
supersymmetric action principle can be used 

S = ^ ^ {v,dv) j d'xd'ed'eE-^ ' E-^ = Ber(i?^^) , (1.23) 

with (f,df) := fMfj. Here the Lagrangian is a real weight-two projective multiplet in 
AdS"^'^. The first integral in (1.23) is along a contour in CP^ parametrized by complex 
homogeneous coordinates f*. The second integral is over AdS^'^. 

In this paper, we mostly concentrate on studying a certain class of A/" = 2 supersym- 
metric (T-models in AdS4 introduced in [10] . Such a theory is a system of interacting 
covariant arctic weight-zero multiplets 

oo 2 

'T\v) = J2 Cri , C := ^ (1.24) 

ji=0 



and their smile-conjugates 



described by the Lagrangian 



'^'>) = E(-0""fn 



n=0 






1.25) 



1.26) 



with s = \/^S^^Sij. Here i^($^,$"^) is the Kahler potential of a real analytic Kahler 
manifold X. The interpretation of K as a Kahler potential is consistent, since the action 



generated by (1.26) turns out to be invariant under Kahler transformations of the form 



K{T,f) -^ ir(T,t)+A(T)+A(t) 



1.27) 



with A($^) a holomorphic function. The target space Ai of this cr-model proves to be an 
open domain of the zero section of the cotangent bundle oi X, Ai G T*X. This can be 
shown by generalizing the fiat-superspace considerations of [2j 



The Af = 2 supersymmetric a-models defined by (1.9) and (1.23), (1.26) are off-shell. 



This is a built-in property of the latter theory formulated in the Af = 2 AdS superspace. 
The off-shell nature of the former theory is a non-trivial result established in [H |2]. Each 



hypermultiplet in the model (1.9) is described in terms of 8 + 8 degrees of freedom which 
are packaged into two Af = 1 chiral superfields and their conjugates. On the other hand, 
each arctic multiplet T\v), eq. (1.24), contains an infinite number of ordinary fields. 



most of which are auxiliary. One of the main virtues of the a-model (1.23), (1.26) is that 
its Lagrangian (1.26) is given in terms of an arbitrary function ii'($^,$'^). Therefore, 



this cr-model formulation allows us, in principle, to generate hyperkahler manifolds as 
well as to address the problem of deformations of such manifolds. To achieve these goals, 
however, we have to develop techniques to eliminate the infinite number of auxiliary fields. 
In particular, we have to understand how to relate the a-model (1.23), (1.26) to the A^ = 1 



formulation (1.9) 



Due to the analyticity constraints Va T^ = V^ T^ = 0, the Taylor coefficients T^ in 
(1.24) are constrained Af = 2 superfields. Once restricted to an A/" = 1 subspace of the 
Af = 2 superspace AdS^'*^, the coefficients Tg, T|, . . . , can be shown to be unconstrained 



Af = 1 superfields. Upon reducing the superspace integral in ( 1.23 ) with Lagrangian ( 1.26 ) 



to that over the A^ = 1 subspace chosen, it can be shown that the superfields Tg, Tg, . . . , 
appear in the action without derivatives, and therefore they are purely auxiliary and can 
be eliminated algebraically using their equations of motion. A natural option for how 



9 



to define this M = 1 subspace of AdS"^'* is to clioose tlie condition (1.3a) and embed 



AdS"'!'^ into AdS"^'* using tlie procedure described above. However, sucli a set-up does not 
allow us to make use of the methods which have been developed for the general M = 2 
supersymmetric cr-models in Minkowski space [IB]. In other words, some conceptually new 
techniques are required if AdS^'"^ is chosen as the desired M =1 subspace of AdS^'^. Such 
techniques have not yet been developed. On the other hand, the problem of eliminating 
the auxihary superfields can be reduced to that studied inp^[T9|l20il2Hl22|l23t[28|l29] 
if we choose (1.3a) and follow the five- dimensional construction of [TB] to foliate AdS^'^ 
into a family of three-dimensional M = 2 Minkowski superspaces. 



We will show that the choice (1.3b) leads, upon elimination of the auxiliary superfields 



in the a-model defined by eqs. (1.23) and (1.26), to an action in Poincare coordinate; 



S 



dz 



\sz 



d^xd?ed?e 



+ (i / d^xd?eH^{^)d,(t)'' + c.c. 



:i.28) 



The coordinates (x, 0, 6) parametrize the 3D J\f = 2 Minkowski superspace M^'^ lying at 
constant values of z. The real function K(0, (p) is a Kahler potential of the hyperkahler tar- 
get space Ai . The three-dimensional M = 2 chiral superfields cj)^ are complex coordinates 
with respect to the complex structure J defined by (1.16). Finally, H = Ha,{(f))d(j)^ is a 



globally defined holomorphic (1,0) form on A4. Several additional geometric requirements 
are imposed, which we will discuss. 

This paper is organized as follows. In section 2 we introduce two invariant tensors 
of the M = 2 AdS supergroup OSp(2|4): the intrinsic vector multiplet and the intrinsic 
hypermultiplet. The latter is then used to realize general M = 2 superconformal cr-models 



as a subclass of the a-model family (1.26). The main thrust of section 3 is to show how 



the off-shell supersymmetric cr-models in AdS described by (1.26) can be reformulated 
in terms of A/" = 1 chiral superfields in AdS, that is in the form (1.9). We also describe 



gauged J\f = 2 supersymmetric a-models in the AdS projective superspace AdS^'^ x CP^ 
and their reformulation in terms of A/" = 1 chiral superfields on AdS^''^. Section 4 provides 
a new conformally flat realization for AdS^'^ with the key property that this superspace 
becomes foliated into a union of 3D A/" = 4 flat superspaces with a real central charge 
(to be called 3D A^ = 4 central charge superspace) corresponding to a derivative in the 
fourth dimension. In section 5 we introduce a new set of Grassmann variables for 3D 
A^ = 4 central charge superspace which provides the simplest embedding of 3D Af = 2 
Minkowski superspace without central charge. This technical construction (to be referred 



^Thc definition of tlie Grassmann coordinates 6 and will be given later. 



10 



to as the 3D foliated frame) allows us to reformulate general supersymmetric theories in 
AdS^'® X CP^ in terms of flat projective supermultiplets. In section 6 we repeat most 
of the analysis of section 3 using the 3D foliated frame. One of the advantages of this 
frame, as compared to the AdS frame used in section 3, is that we can explicitly construct 
the hyperkahler potential for a large class oi M = 2 supersymmetric a- models in AdS. 
Section 7 is devoted to the analysis of the most general M = 2 supersymmetric a-model 
in AdS using the 3D foliation. In section 8 we describe the general geometric features 
of the hyperkahler target spaces oi M = 2 supersymmetric a- models in AdS. Section 9 
is concerned with the M = 2 AdS supersymmetric cr-model on T*CP"'. This is the only 
nontrivial example of a nonlinear cr-model in AdS in which we have been able to explicitly 
eliminate the auxiliary superfields in the AdS frame. Our main findings are summarized 
in section 10. The main body of this paper is accompanied by two technical appendices. 
Appendix A describes the explicit form of the Killing vector fields of AdS^'^ in the 3D 
foliated frame. Appendix B describes the tropical prepotential for the intrinsic vector 
multiplet in the 3D foliated frame. 



2 Intrinsic vector multiplet and hypermultiplet 

In four-dimensional M = 2 Minkowski superspace, the standard mechanism to make 
a charged off-shell hypermultiplet massive |30l |3T] consists in coupling the hypermultiplet 
to a frozen U(l) vector multiplet such that its chiral field strength W is constant. The 
same procedure also works in five-dimensional M = 1 Poincare supersymmetry where 
the field strength of a vector multiplet, W , is real [32]. Applying this mechanism to an 
off-shell 4D M = 2 and 5D M = 1 supersymmetric cr-model (for this the target space has 
to possess a tri-holomorphic isometry) generates a superpotential [32]. In this section we 
first discuss an AdS analogue of the frozen vector multiplet - the intrinsic vector multiplet 
[To] , which will be used in subsequent sections. We also introduce a covariantly constant 
hypermultiplet which proves to be closely related to the geometry of AdS^'®. Making use 
of this hypermultiplet allows us to realize general M = 2 superconformal a-models as a 



subclass of the models (1.26). 



11 



2.1 Intrinsic vector multiplet 

Consider an Abelian vector multiplet in AdS"^'^. It can be described by gauge-covariant 
derivatives 

X»^ = ^^ + iVUe, (2.1) 

with V4 the gauge one- form, and e the generator of the U(l) gauge group. The gauge- 
covariant derivatives are subject to the ant i- commutation relations 

{T>lT>'^} = AS^m^p + 2e^pe'^ [s^'Jui + iWe) , (2.2a) 

{X>^„ -D^.} = -AS,,M^^ + 2e.^E,, [s^'j^i + iWe) , (2.2b) 

{Vl,'D^^} = ~2i6}{a^)^^V, (2.2c) 



which are obtained by combining the AdS algebra of covariant derivatives, (1.2[), with 



that describing the U(l) vector multiplet in Minkowski superspace [23] • Here the field 
strength W is covariantly chiral, 

VfW = , (2.3) 

and obeys the Bianchi identity 

(x)»{iX)J) + AS'^)w = top^> + AS'^^W . (2.4) 

Following [To], a U(l) vector multiplet in AdS^'^ is called intrinsic if its field strength 
is constant, 

W = 1 . (2.5) 



This condition is consistent with the Bianchi identity (2.4). Such a vector multiplet is 
'frozen' in the sense that it has no propagating degrees of freedom. As will be shown in 
the next section, it is completely determined by the geometry of AdS^'^. 

2.2 Intrinsic hyper multiplet 

The Fayet-Sohnius formulation for the hypermultiplet [Ml [35] can be extended to the 
case of AdS [21 ES]- A charged off-shell hypermultiplet in AdS is described by a two- 
component superfielcjj gj and its conjugate (f- := qi (such that g* = — g,) subject to the 

^Isospinor indices are raised and lowed using antisymmetric tensors e*-' and eij normalized by e— = 
£21 = 1- The rules are: q* — s^-'qj and qi = £ijq-' ■ 
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constraints 

Vl^q^^ = X»2g^) = . (2.6) 

The action of S^^Jki on qi is not assumed to be fixed at our will. Instead it is determined 
by the constraints to be 

S^'Jki = ^ + J, Jq^:=-S^q,, (2.7) 

where A takes on the role of a central charge as it commutes with the covariant derivatives, 

[A,X»j,] = [A,X»^,]=0. (2.8) 

Setting Aqi = is equivalent to the equation of motion for a massless hypermultiplet. 

The covariantly constant torsion tensor of AdS^'^, Sij, can always be represented in 
the form 

S,j = 2ig(igj) , g" := g^ , (2.9) 

for some isospinor gj defined modulo arbitrary phase transformations g^ — )■ e^'^qi, with 
1^ = ip. Introducing |gp := (fqi, we easily obtain 

S,'qj=i\qWi, S',q' =i\q\^q\ (2.10) 

as well as 



s^^^S^^S., = \q\' . (2.11) 

This shows that \q\ is constant. The freedom in the definition of g^ can be fixed by 
requiring it to be gauge-covariantly constant, 

T>Mi = , Ag, = , (2.12) 

where the derivatives T>^ correspond to the intrinsic vector multiplet. In accordance with 



(2.2), (2.10) and (2.11), the integrability condition for this constraint is 

eqi = sqt . (2.13) 

This frozen hypermultiplet will be called intrinsic. 

The isometry group of AdS^'*^, OSp(2|4), is generated by the corresponding Killing 
vector fields. A real vector field in AdS^'^ corresponding to the first-order operator 

e := i^Vj, = C-Da + C^j. + elA" (2.14) 
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is said to be a Killing vector field if it obeys the master equation 

[e + ^X^'M^ + 2eJ, PL] = , J:= S^'j^i , (2.15) 

for uniquely determined parameters A'^'^ and e generating Lorentz and U(l) transforma- 
tions respectively. The explicit expressions for these parameters are 

Aa6 = P[a6], e = ^S'W^,^f, (2.16) 

see [in] for a derivation. If f/ is a tensor superfield on A/" = 2 AdS superspace, its 
infinitesimal transformation associated with ^ is 

SaasU = -^U - ]^\"'M,dU - 2eJU . (2.17) 

The torsion of A/" = 2 AdS superspace, iS*-', is an invariant tensor, ^AdS'^*-' = 0. Combining 
f^Ads with a certain U(l) gauge transformation, 

(^Ads := f^Ads - 2iee , (2.18) 

we can see that the intrinsic hypermultiplet, g^, is invariant, 

^Adsgi = . (2.19) 

The defining property of (5Ads is that the gauge-covariant derivatives do not change, 

[fT:>c + ^A^'^M.d + 2eJ + 2i£e, X>a] = , (2.20) 

where we have used the identity ^^ = V\e derived in [10]. 

2.3 Maximally symmetric solution for J\f = 2 AdS supergravity 

The intrinsic vector multiplet and the intrinsic hypermultiplet naturally originate in 
the context of a maximally supersymmetric solution ioi N' = 2 supergravity with a cos- 
mological term if one uses the off-shell supergravity formulation of [37] with the follow- 
ing compensators: the vector multiplet and the hypermultiplet with an intrinsic central 
charge (see [3S] for an early list of off-shell formulations for M = 2 supergravity). The 
supergravity equations of motion can be shown to be (see [171 139] for a derivation) 

i-S*-'' = ieg('g^) , (2.21a) 

IwW = ^|g|2 , (2.21b) 

Ag^ = , (2.21c) 
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where k is the gravitational constant, e denotes the U(l) charge of qi related to the 
cosmological constant, and 



T.'^ 



p"{ipi)+45ii)yv; 



4 



-p(.^-pj)" + 45*i)vV 



(2.22) 



We assume here that the Weyl multiplet is described using the superspace formulation 
for M = 2 conformal supergravity given in [H] (in this formulation, the torsion S^^ is 



complex). The relations (2.21a) and (2.21c) are the equations of motion for the vector 



compensator and the hypermultiplet respectively, while eq. (2.21b) corresponds to the 
gravitational superfield (see [22] for more details). The equations (2.21) can be shown to 



be super- Weyl invariant (see also subsection 4.2) 



We are interested in a supergravity solution with vanishing super- Weyl tensor, that is 
y^ap = 0. The super- Weyl invariance can be used to choose the gauge W = 1, in which 



S^^ becomes real, as a consequence of (2.22). Then, the relations (2.21a), (2.21b) and 



(2.22) lead to 



S'^ 



2ie 



\Q 



-,q^'q'^ 



(2.23) 



which implies the consistency condition e = s. The hypermultiplet constraints T>]^q^^ = 
'D^q^^ = and the supergravity equation of motion (2.21b), |gp = 2/k'^ = const, imply 
that qi is covariantly constant, T>^gj = 0. As a result, it can be seen that the algebra 



of the supergravity covariant derivatives [uLT| reduces to (2.2), and therefore the super- 
gravity solution constructed describes the AdS geometry. To completely reproduce the 
construction of subsection 2.2, it only remains to normalize |gp = e. 



Two comments are in order. Firstly, there exists an off-shell formulation for A^ = 2 
supergravity [H] in which the hypermultiplet compensator is described in terms of a co- 



variant weight-one arctic multiplet q^ '{v) and its conjugate q^ '{v), which are coupled 
to the vector compensator in the case of a non-zero cosmological constant. In this for- 
mulation, the hypermultiplet has no central charge, Aq^^^ = off the mass shell. The 
hypermultiplet equation of motion is q^^\v) = qiV^. The equations (2.21a) and (2.21b) 



remain the same. Secondly, one can describe M = 2 AdS supergravity using the off-shell 
formulation of [38] which makes use of two compensators: the vector multiplet and the 
tensor multiplet. The superspace description of the AdS solution within this supergravity 
formulation is given in [T7] . 
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2.4 Off-shell Af = 2 superconformal cr-models 

Consider a system of interacting covariant weight-zero arctic multiplets T^(f) and 
their smile-conjugates T^(w) described by the Lagrangian 

£(2) = 1^(2) ;^(Y, t) . (2.24) 

Here K{^^ , <l>"^) is the Kahler potential of a Kahler cone; it obeys the homogeneity con- 
dition 

$'^i^($,<i') = ^(<^,$) • (2.25) 

With the homogeneity condition imposed, no Kahler invariance survives. The Kahler 
cone is the target space of an A/" = 1 superconformal a- model, see e.g. [28]. We can 
associate with T(t>) a weight-one arctic multiplet t^^\v) and its smile-conjugate T {v) 
defined by 

r^^)[v) := -^q^'\v)T(v) , f^^\v) := ^g«(i;)t(t;) , (2.26) 

where we have defined g^^-* := gjf* and q^^^ := qiV\ with qi being the intrinsic hypermulti- 
plet. In terms of the weight-one projective superfields Y^^'{v) and T (v), the Lagrangian 



( |2.24[ ) takes the form 

/:(2)=ii^(TW,t(^)) . (2.27) 



where we have used the relation (2.9). The a-model obtained is A/" = 2 superconformal. 



Its Lagrangian (2.27) has the same form an in the super- Poincare case |10 



3 cr-models from projective superspace: AdS frame 

In the introduction, we briefly reviewed the results of [H [2] regarding the general 
form of A^ = 2 supersymmetric a-models written in terms of the A/" = 1 AdS superspace 
AdS^'^. In this section, we will demonstrate explicitly how these models come about from 
a projective superspace context. 

The starting point is the general projective superspace action in AdS^'^, eq. (L23). 



Let us make the choice (L3a). Using the techniques described in [TO], this action can be 
rewritten in AdS^'^ as 

S= f d^xd^edL^OEC (3.1) 
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where the M = 1 AdS Lagrangian C is given by a contour integral 

C=l ^^6'^ , 6\0 := ^^^C^'\v) , (3.2) 



c 



27riC 



with the bar-projection defined by (1.7). Speciahzing to the a- model described by (1.26), 
we find 

^-^£^^''*'(^-*)|- 5l^'(0-^5<^V)^|^ + iK. (3.3) 

In this context, s = |/i|. In what follows, the bar-projection is not indicated explicitly. 

We will analyze this a- model action in several stages. First, we will directly evaluate it 
without gauging any of the isometries which the Kahler space with the Kahler potential K 
might possess. This leads to the class of actions discussed in [H |2] . Then we will consider 
the case where the Kahler space possesses a holomorphic isometry, and demonstrate how 
this leads to a tri-holomorphic isometry of the hyperkahler target space, in terms of the 
cr-model formulated using A^ = 1 chiral superfields. When one such isometry is gauged 
by the intrinsic vector multiplet of AdS a superpotential naturally emerges, 
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3.1 The ungauged case 



Upon projection to A/" = 1 AdS superspace, which requires the standard choice (1.3a) 



the weight-zero arctic multiplet T^ consists of an infinite set of A/" = 1 superfields, (1.24). 



Using the analyticity constraints (1.18), one can show that the lowest two components. 



$^ := T^ , S^ := T( (3.4) 

are constrained A/" = 1 superfields: $'^ is covariantly chiral and S'^ is covariantly complex 
linear, 

Vo,^^ = , (p2 - 4/i)S^ = . (3.5) 

All the other components of T^ are unconstrained complex A/" = 1 superfields. These 
superfields appear in the action without derivatives, and therefore they are auxiliary. The 
superfields ^^ and S"^ are physical. 

^'^Due to the properties oi N — 1 AdS, the seemingly more general case involving a gauged isometry 
is also contained within the class of actions considered in fP, '^ , even though tri-holomorphic isometries 
were not considered explicitly in that work. 
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For our subsequent analysis, it is important to work out the supersymmetry trans- 
formation laws of the physical superfields $^ and S^. We begin by recalling that the 
weight-zero arctic multiplet transforms under the full M = 2 AdS supergroup, OSp(2|4), 



according to eq. (1.20). Upon Af = I projection, this Af = 2 transformation decomposes 



into two different transformations in A/" = 1 AdS superspace |2l HO] which are: 
(i) An A/" = 1 AdS isometry transformation 

ST'iO = -^T^(C) , e := CDa + CDa + L-D" 



(3.6) 



generated by an arbitrary Af = I Killing vector field ^^ = (^", ^", ^q). Such a vector field 
obeys the Killing equation 



[e + -X''M,,, Va] = [^ + X^^Mp, + Wm^., Pa] = , Kp 



T^iaXp) 



(3.7) 



These Killing vector fields generate the isometry group of AdS^'^, 0Sp(l|4). 
(ii) An extended supersymmetry transformation 

5T\C) = -(C^^^a - -e^V^ - 2efidc - 2eefidc)T\0 , £„ := V^e , 

where e is a real superfield obeying the constraints [H] 



(p2 _ 4^)£ = (i?2 _ 4^)^ ^ Q 



V.V^e = Vj),e = 



(3.8) 



(3.9) 



The first constraint implies that e is real linear. The superfield parameter e contains two 
components: (i) a bosonic parameter p which is defined by e|e=o = p|/^|~^ and describes 
the 0(2) rotations; and (ii) a fermionic parameter e^ := T>ae\0=o along with its conjugate, 
which generate the second supersymmetry. 



It follows from (3.8) that the extended supersymmetry transformation acts on the 



lowest two component fields as 



and 



6<^^ = e^V^E^ + 2e/iS^ 



SE^ = -e'^V^^^ + eJ)^Ti + 4/ieT^ = -£"P„<I>^ + ©^(r^T 



^'y^i\ 



(3.10a) 
(3.10b) 

(3.11) 



We have written the transformation law of $'^ in two ways by exploiting the complex 



linearity of S^; in (3.10b) the transformation is manifestly chiral. Similarly, we have 



written (3.11) to emphasize that 5Tj^ is complex linear. 
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The M = 1 Lagrangian £(T„,T„), eq. (3.3), is a function of not only ^-^ and S-^ 
but also the infinite set of unconstrained A/" = 1 superfields Tg, Tg, . . . Because these 
superfields are unconstrained, they can be eliminated (at least in principle) using their 
algebraic equations of motion. 











dC 

n 

dC 

dfl 



1 

1 
2^ 



dC ^[2] dK 



c27riC 



sm 



OK 



c 



2vriC dTJ 



<y 



n>2 ; 



n>2 . 



(3.12a) 
(3.12b) 



This step is the nontrivial technical challenge of the projective superspace approach: we 
must solve an infinite set of algebraic equations. This issue was resolved in Minkowski 
superspace for a large class of cr-models on cotangent bundles of Hermitian symmetric 
spaces [m [ini EHl EH |22l |23] (see |2l] for a review). For these cases, the equations 
which must be solved in a flat background correspond to the choice iS'^^ = 2s - in other 



words, the choice (1.3b) discussed in the introduction. For the case of interest to us, 
iSt^l = i/i/C + i/iC; the problem remains unsolved except for the special case described 
in section [9j Nevertheless, we may proceed formally by generalizing the fiat-superspace 
analysis of [281129]. 

The cr-model action is manifestly invariant under the A/" = 1 AdS transformation 



(3.6 ), both before and after elimination of the auxiliary superfields. If we assume that the 



auxiliaries have been eliminated, with £($, S, $, S) being the resulting Lagrangian, the 



action must be invariant under the transformations (3.10a) and (3.11) where T2 is now 



understood as a function of $'^, S^, and their complex conjugates. This follows from the 
contour integral definition of C. It will be important later that the proof of invariance of 



the action does not require that H^ be complex linear, provided one uses the form (3.10a) 
for the transformation 5$^. 

Alternatively, one can look for a Lagrangian £($, S, $, S) such that the corresponding 



action is invariant under extended supersymmetry transformations (3.10) and (3.11 ), with 
T2 some unknown function of $^, S^, and their complex conjugates. One can then check 
that invariance of the action implies the existence of a complex function S obeying the 
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equationsp] 



dC dC dTi dE 



9$^ 9S'^9S^ 9S^ 



(3.13a) 



dC dC dTi dE , , , 

+ l^W = T^, (3-13b) 



dC dTi dE 



From the contour integral definition of C, one can sliow tliat E is given by 

1 / dC 5[2] 



(3.13c) 



2s/c2vriC C 



-K . (3.14) 



In tlie case of Minkowski space [29], the equations (3.13) guarantee invariance of the 
action under the second supersymmetry transformation^^ In the case of AdS space, 
however, one finds an additional requirement 

for some chiral superfield A($). Making use of the contour integral definitions of E and 
C, we actually find that a stronger version of this condition is satisfied, 

fiE - -fiJ:' ^ - fiTi^ + c.c. = . (3.16) 

This condition (in either form) should be equivalent to the existence of a Killing vector 
V^ in the dual geometry which acts as a rotation on the complex structures. 

The next step is to perform a duality, exchanging the complex linear superfield S^ for 
a chiral superfield \E'/. One introduces the so-called "first-order" action 

Sf,o.= /"dSd^^d^E^r + S^^z + S-^'f j) , (3.17) 

where complex linearity of S^ is enforced by the \E'/ equation of motion. Instead if we 
apply the equation of motion for the unconstrained S^, we find 

^duai= fd''xd^9d^9E}Ci<^',^j,^\^j-), (3.18) 



^^It was argued for the first time in f285l29l that such a function 5 must exist in flat backgrounds. We 
find the same condition in AdS. 
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The contour integral representation for ^ is different in flat space, see eq. (6.20). 
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where /C is defined as 



and S^ is chosen to obey 



/C := £ + S^^/ + S-^^j 



dC 



-^ 



/ • 



(3.19) 



(3.20) 



We must construct the transformation law of "^i for the dual action. This is easiest 
to do by first constructing it for the first-order action. We begin by postulating the 
transformation law of ^^ . To maintain its chirality, we must choose 



S<^' 



hv^ - 4/i)(£S^) = e<iP"S^ + 2e/iS^ + ^e{V^ - 4/i)S^ 



(3.21) 



where the last term no longer vanishes. Keeping the same transformation law (3.11) for 
Il\ we find that 



d^xd^e d^9E6C=^ I d''xdHd^ET.\V^-A^i)(e^ 



+ c.c. 



It follows that we must choose 



s^,^.\(f,^-.,,)L^ 



The dual action (3.18) is then invariant under 

die 



5$^ 



>'-'^A^3^, 



5^1 



1,-2 . ^ f die 



(3.22) 



(3.23) 



(3.24) 



Now, we have to recall the structure of the extended supersymmetry transformation 



in the model (1.9). In accordance with [HE], let ip'^ denote the general chiral coordinate 
of the Kahler potential /C, 

1 ,^. 



5ifi° 



■(2)'-4/i)(ew"X 



(3.25) 



where {—u"''') is the inverse of the covariantly constant (2, 0) holomorphic form Uab in 
terms of which two other complex structures Ji and J2 of the hyperkahler target space 



are constructed, eq. (1.11). In our case, the set of chiral superfields is ip"" = {^^ , "^j). It 



follows from (3.24) that 



u 



ab 



5'j 
-6/ 



^ab 



61^ 
-S'j 



(3.26) 



In other words, the coordinates ^^ and \E'/ we have found from projective superspace are 
holomorphic Darboux coordinates for the target space. 
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3.2 Superpotentials and tri-holomorphic isometries 



An obvious question to ask is whether, given an A/" = 2 supersymmetric cr-model (1.9) 



invariant under the second supersymmetry transformation (3.25), it is possible to deform 
the action to include a superpotential, 

f d^xd^ed^eEJc{ip,ip) + ( f d^xd^esw{ip) + c.cA , (3.27) 

with £ the chiral density. However, there is no way to distort the supersymmetry trans- 



formation rule (3.25) modulo a trivial symmetry transformation plE]. It follows that the 



superpotential terms in (3.27) must be separately invariant. In order for this to occur, 
the integral 



d^x d'^9 d^9 E e {y^ai^'^'^y^h + c.c. 
must vanish. Since e is real linear, we find 

X'^/C. + X^/C, = A(</.)+A(0) 
where 

X'^ := -w^^l^fe 



(3.28) 



(3.29) 



(3.30) 



is a holomorphic Killing vector. Note that X°'Wa = by construction. Moreover, from 
its construction, one can further show that X" must be tri-holomorphic, 



LxOJ, 



ab 







CxJa = 



(3.31) 



If we impose the additional requirement that the action (1.9) itself be invariant under 
the holomorphic isometry X", we find the stricter condition 



Cx^ = X"'}Ca + X"'lCa = 



(3.32) 



Note that the superpotential is automatically invariant, X°'Wa = 0. It is straightforward 
to check that 



£x/C = 



V/i 



/^ 







[X,V] = 



(3.33) 



There is an interesting geometric interpretation of this construction. We observe that 
within A^ = 1 AdS, a superpotential is not distinct from a purely holomorphic contribution 
to /C, 



d'^xd'eSW + c.c. 



d^xd^9d^9E T— + C.C 



(3.34) 
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So the addition of a superpotential corresponds to a modification of the Lagrangian /C by 

W W 
/C^/C' = /C + — + — . (3.35) 

Recall that the target space geometry possesses a U(l) Killing vector V"" which rotates 



the complex structures. It is given by eq. (1.13). If we modify the original action to 
include a superpotential, it is natural to absorb this superpotential back into /C. This 
induces the transformation 

ya _^ y,a ^ ya _ ^V" . (3.36) 

2|yU| 

Since both V"" and V"^ should rotate the complex structures in the same way, it follows 
that X"" must leave them invariant. In other words, X" must be tri-holomorphic. 

This structure emerges naturally in projective superspace if we consider the gauging 
of holomorphic symmetries of the original cr-model action in projective superspace. 

3.2.1 Tri-holomorphic isometries 



We now return to the off-shell Af = 2 supersymmetric cr-model (3.3). The reader 
should keep in mind that this theory is associated with some real analytic Kahler manifold 
X, and K{^, $) is its Kahler potential in local complex coordinates ^^ . Suppose X has 
a U(l) isometry group generated by a holomorphic Killing vector field 

X = X\^)di + X\^)dj . (3.37) 

Under an infinitesimal isometry transformation 

ie*^ = X^' = X^($) , (3.38) 

the Kahler potential changes as 

ieK{(!>, $) = X^diK + X^djK = F($) + F(<l) , (3.39) 

for some holomorphic function F{^). Here we have formally introduced the U(l) gen- 
erator, e, in order to make contact with the description in terms of the gauge-covariant 



derivatives (2.1). 



The isometry transformation can be extended to the arctic variables of the cr-model 



(3.3) by analytic continuation: 

ieT^ = X^(T) , (3.40) 
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which iinphes the following transformation of the antarctic variables 

iet^' = X^'(t) . 



(3.41) 



It immediately follows from (3.40) that the tangent bundle variables ($ , S ) transform 
as 



ie$^ = X^($) , ieS^ = S^9jX^(<l>) . 



Due to (3.39), it holds that 

ieK{T, t) = X^diK + X^djK = F(T) + F(t) 



(3.42) 



(3.43) 



Because K{T, T) is not invariant in the case F 7^ 0, it turns out that the tangent bundle 
Lagrangian C is not invariant either. Observe that 



ie£ 



1 



2s Jc 27riC 



cSt^l ('f(T) + F(t) 



1 / dC /i/i 



2s Jc 27riC V ( 



-F(T) + i/iCi^(T) , (3.44) 



where we have dropped terms which do not contribute under the contour integral. As- 
suming that the contour is around the origin in the C-plane, this gives 



ie£ 



'^ E^F,($) 



2|/i 



'^ ^'Fj-i^) 



2|/i 



(3.45) 



where Fj = djF. So long as S is complex linear, this remains a symmetry of the action 



(3.1). However, when we go to the first order form, eq. (3.17), we must modify the 
transformation law of \l//: 



ie^j = -diX-^^j 



2|/ir 



(3.46) 



The presence of the /x-dependent term implies that \I^/ does not transform as a holomorphic 
one-form at the point ($, $) of X, unlike in the super-Poincare case 



We end up with a holomorphic vector field 

X = X%^)da + X%if)d-a 



(3.47) 



on the hyperkahler target space parametrized by local complex coordinates ip"' = ($^, "^i). 
This vector field acts on the complex coordinates as follows: 



ie$^ = X<^^ = X^($) , ie^/ = X^/ = -(9/X-^(<l>)^„ 



i/i 



F/($) . 



(3.48) 
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The Kahler potential /C, which serves as the M = 1 AdS Lagrangian for the cotangent 
bundle (3.18), remains invariant, 

ie/C = X/C = . (3.49) 

This is completely natural since in AdS the Kahler potential must be invariant - there are 
no Kahler transformations. Therefore the vector field X constructed is a Killing vector 
on the hyperkahler target space. Moreover, one can check that this vector field is actually 
tri-holomorphic. This follows from the fact that X is Hamiltonian with respect to the 
canonical holomorphic symplectic two-form uj = d$^ A d\E'/. 

In the super-Poincare case, the complex variables v?" = ($^, ^7) parametrize (an open 
domain of the zero section of) the cotangent bundle of X. The curious feature of the AdS 
case is that \E'/ does not transform as a (1,0) form at the point ($,$) of X. Indeed, let 
us consider two coordinate charts U and U' for X parametrized by complex coordinates 
$^ and $^ respectively, which are related to each other by a holomorphic transformation 
$^' = /^'($), on the intersection of the charts, U f]U' C X. Let ir($, $) and K'{^',^') 
be the Kahler potentials defined in the charts U and U' respectively. On the intersection 
Uf]U' CX, we have 

K'{^', $') = K{^, $) + A(<l>) + A($) . (3.50) 

It can be seen that the variables \l// and \Ef// corresponding to the charts U and U' should 
be related to each other by the rule 



in order to be consistent with the isometry transformation law (3.46). The transformation 
{^^ , \E'/) — i- (^^ , \E'//) proves to be symplectic with respect to u, 

d<^^ A d^/ = d$^' A d^// . (3.52) 



One can think of (3.51) as the transformation law of a deformed holomorphic (1,0) form. 

We can add some more flavor to the above discussion. First of all, let us consider the 
Kahler one-form on X, 



^ -' "J 1 T^.A^I 



p = -Kid^' - -Kjd^' . (3.53) 



On the intersection of two charts, we have 



p' = p+'-d{\-X) , (3.54) 
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so p is not globally defined. Secondly, defining \1/ := \l//d<l>^ we observe that 



m' = m - -^dA . (3.55) 



This result means that 



p:=p+ii^ + _^^ (3.56) 

m m 

is a well-defined one-form on the hyperkahler target space. 

3.2.2 A convenient fictitious coordinate 

We would like to gauge the tri-holomorphic isometry introduced above using the intrin- 
sic vector multiplet. This can be done using old results on gauged N = 1 supersymmetric 
cr-models |121 1121 SH SSI SS] • However, in order to gauge a Lagrangian, it is easiest to 
deal with gauge invariant Lagrangians. The standard way to deal with this, developed in 
[15], is to introduce a fictitious field which is a pure gauge degree of freedom that counters 
the gauge transformation of the original Lagrangian. That is, if K is the original polar 
multiplet Kahler potential transforming as 

leK = F(T) + F(t) , (3.57) 

we introduce a new arctic multiplet T° with the U(l) transformation law ieT° = F{T) 
and consider the modified Kahler potential 

K' = K-T°-f° . (3.58) 

This new Kahler potential is U(l) invariant. The theory with Lagrangian K' is invariant 
under gauge transformations 

T°^T° + A, (3.59) 

with A an arbitrary arctic superfield. This gauge symmetry allows us to gauge away T°. 
In the gauge T° = we return to the original symmetry. In other words, the theory with 
Lagrangian K' is completely equivalent to the original a-model. 

Let us group all the arctic multiplets together as T^ = (T°,T^). Their isometry 
transformation is generated by the holomorphic vector field X^ = {F, X^) where both F 
and X^ depend only on T^. On the tangent bundle coordinates, we find 

ie$^' = X^' =^ ie$° = F(<l>) , ie$^ = X\^) , (3.60a) 

ieE^' = E-^'dj'X^' =^ ieS° = S-^9jF(<l>) , ieS^ = S-^9jX^(<l>) , (3.60b) 
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where F{^) and X'^($) depend only on $^. 

Making use of K' leads to a modified Lagrangian C: 



a 



dC 



5[2]ir' 



dC 



5[2](ir-T°-t°) = £ 



^'^rSV 



'^ S" . (3.61) 



2s/c27riC 2s/c27riC '"' ' ' 2|/i| ' 2|/x, 

By construction £' is U(l) invariant, but we can see this explicitly by noting that the 
transformation of L is cancelled by the transformation of the additional terms. 

Now we construct /C' = £' + Y} ^// + S"^ ^ ji- Because CJ is invariant, we choose 



\e^v 



-dvX^'^j, 



This implies 

ie^o = , 
Now let us make an observation: 



ie^j 



-9,F^o - di'^'^j ■ 



K' = C + S^^/ + S^% + sM ^0 - 



i/i 



^^0 + 



2\ii\ 



(3.62) 



(3.63) 



(3.64) 



Because C is independent of S", the equation of motion of TP merely enforces \l/o = i/i/2|/i|. 
This is consistent with ie\l/o = 0. For the other S^ coordinates, we dualize as usual and 
end up with /C' = /C. The new Kahler potential is the same as the old! By construction 
it is gauge invariant. As before, we stay with the dynamical variables {(^^ ^ \E'/) with the 



U(l) transformation law (3.48). There are no other dynamical fields. 



3.3 Gauged isometries 

Now let us gauge the Lagrangian K'{T, T) by covariantizing the arctic and antarctic 



superfields by the introduction of new covariant derivatives T>^, eq. (2.1), where the 



vector multiplet associated with the generator e is the intrinsic vector multiplet of AdS, 
as discussed in section M Instead of ordinary arctic multiplets T^' obeying the analyticity 



conditions (|1.18|), we have to consider gauge covariantly arctic multiplets constrained by 

X>(^) := ViT>' 



jy{l)^r 



^(l)y-/' 



0, 



T> 



(1) 



^.^;, 



(3.65) 



and similarly for their smile-conjugates T^ . The gauge covariant superfields T"^ and T^ 



are assumed to have the functional form (1.24) and (1.25) respectively. 
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By the usual argument, one can show that ^^ = Tq is covariantly chiral. However, 
S^ = T{ is no longer complex linear, but is instead modified complex linear, 

-^(X>'-4/i)S^'=X^' . (3.66) 

The transformation law of the arctic multiplet 

ST^' = -(e^X>^ + ^\"^M^d + 2eS'^J,j + 2iee)T^' (3.67) 

leads to the transformation laws of (^^ and S^ : 

(5$^' = eJ>V + 2e/iS-^' - 2iee$^' (3.68a) 

X>^-4^)(eS^') (3.68b) 



2 
and 

5S^' = -£"X>„$^' + e^X>"Tf + 4/ieT^' - 2i5eS^' 

= -£"X>„$^' + X>^(£"T^') - 2i£eS^' . (3.69) 

As before, we have ie$^ = X^ and ieS^ = S'^ djiX^ . 
The tangent bundle Lagrangian is 

C' = -l -^S^^^K' . (3.70) 

2s Jc 27riC 

We introduce the first order action 

^po = f d'^xd^ed^eEJC' - ( f d^xd^es^pX^' + C.C.) , (3.71) 

where 

IC' = C' + E^'^r + f:^'^j^ . (3.72) 

The additional holomorphic terms we have added are necessary so that the equation of 
motion for ^// imposes the modified complex linear condition on T^^ . We must take 
ie\i/// = — 9/'S"' ($) ^j/ so that each of the terms above is separately gauge invariant. 

Next, we must determine the transformation rules. As before, 5$^ must be manifestly 
covariantly chiral, 

5$^' := i(X>'-4/i)(£S^') . (3.73) 
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This can be rewritten 



(5$'' := £^X»"S^' + 2£/iS^' + ^£(X>' - 4/i)S^' . (3.74) 



We keep the same rule for 5T,^ . This leads to 



jd'xd'ed'eE (^S^'(^'-4/i)(^^) -2deS^'^ + c.c.) . (3.75) 



We postulate that 



which leads to 



^^/' = -^(^'-4^)(^^) , (3.76) 



f d^a; d^9 d^9 E 6 (C + S^'^/, + S^''^j-/ 
= fd^xd^ed^OE (-2deS^'^-2eieS^'^7, + C.C.J . (3.77) 

For the superpotential piece, we have 

- I d^xd^e£5{^pX^')= I d^xd^ed^OE (-2e^X^' + 2e-<^rdj.X^'^A . (3.78) 
Adding everything together gives 

5S^,o. = -2 f d^xd'^ed'^OEeieC = . (3.79) 

Now we want to finish the duality by eliminating J]^ . Recall that 

C'=-i ^S^^\K - T° - t°) = £ - -^S° + -^S° . (3.80) 

2s Jc 27riC 2|/i| 2|/i| 

Here C is independent of TP and $°. Moreover, $° is completely absent from the action. 
The dual kinetic Lagrangian is 

K-' = 1C + TP Uo - ^ V ^° f ^0 + Wl) ■ (3.81) 

The equation of motion for TP again fixes \l'o = i/^, so we find /C' = /C. The elimination 
of the physical H^ proceeds as usual. However, now we have a superpotential, 

W = -mrX^' = — ^F-^/X^. (3.82) 

2|/x| ^ ' 
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So the full dual action can be written in the form 



^duai = f d^x d^e d^OE (jC + — + — j . (3.83) 

It is invariant under the extended supersymmetry transformation 



(3.84) 



Some comments are in order. First, we have written the transformation laws in terms 
of the gauge-covariant JV = 1 derivatives 'Da- However, because we chose the intrinsic 
vector multiplet to gauge the U(l) group, in this AdS frame the Af = I AdS derivatives 
possess no U(l) curvature. In other words, the U(l) connection is pure gauge and we can 
adopt a gauge where it vanishes, T>a -^ T>a- This removes all trace of the gauging from 
the A^ = 1 superspace geometry. 

Second, the tri-holomorphic isometry X"- = {X^,Xj) with 

dW 



X^ = ie$^ = X\<l>) 



d^Hi 



indeed obeys X"" = —ojWb, as required. 



Xj = mj = -^Fj - djX'^Hj = +^ , (3.85) 

abj 
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4 Poincare coordinates for AdS ' and AdS 

The aim of this section is to describe a new conformally flat realization for four- 
dimensional (4D) J\f = 2 AdS superspace with the property that AdS^'^ is foliated into 
a union of 3D A/" = 4 fiat superspaces with a real central charge corresponding to a 
derivative in the fourth dimension. This realization will be used in the next sections. As 
a warm-up exercise, we first consider the case of 4D A/" = 1 AdS superspace. 

4.1 AdS4|4 

The conformal flatness of the superspace AdS^''* was established by Ivanov and Sorin 
[17] and later on reviewed, in the modern form, in textbooks [IHl HH]. The approaches 
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pursued in |171 HHl HO] made use of stereographic coordinates in AdS4 in which the space- 
time metric is 

d.^ = ^""^"" , . (4.1) 

This metric is manifestly invariant under the group of four-dimensional Lorentz transfor- 
mations, 0(3,1). Here we would like to derive an alternative conformally flat realization 



of AdS^'^ which is characterized by the space-time metric (1.4). The latter metric is 
invariant under the group of three-dimensional Poincare transformations, 10(2,1). 

Let us start by recalling the structure of the super- Weyl transformations in 4D A/" = 1 



old minimal supergravity |50]. The superspace geometry of supergravity is described by 
covariant derivatives 

Va = {V,, P„ V'') = Ea^'Om + ^^a'^M,, (4.2) 

and a set of constrained superfields, TZ, Qaa and Wa/s-y in terms of which the torsion 
and curvature tensors are constructed [50]. We refer the reader to |19] for a detailed 
description of the geometry of old minimal supergravity. Let Da = {Da,Da,D°') be 
another set of superspace covariant derivatives characterized by the torsion superfields 
R, Gaa and Wap-y. The two supergeometries, which are associated with Va and Da, are 
said to be conformally related if their covariant derivatives are related by a super- Weyl 



transformation of the form ^^ [5T] 

P„ = e^-'^^D, - {D^a)M^p^ , (4.3a) 

p. = ei'^-'^(D^ - (5^a)M^^) , (4.3b) 

T^a^ = \{^o.,Vp}, (4.3c) 

where the parameter a is covariantly chiral, -DaO" = 0. The components of the torsion 
transform as 

7^ = -^e-^"(L)2 - 4i?)e" , (4.4a) 

Qaa = e-("-^)/'(G',<i + ^iDo,a){D^a) + iZ},«((T - a)) , (4.4b) 

>V,/3-y = e-'^'^^Wai^^ . (4.4c) 

^■^Here Map = ^{(J°''')ai3Mab, M^^ = —\{^°'^)ai3-^^ah and Mab are the Lorentz generators with spinor 
and vector indices, respectively, see [49[ for more details. 
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If the covariant derivatives Da are flat, and hence R = Gaa = Wa^-y = 0, then 
the geometry described by Va is said to be conformally flat. A well-known example of 
conformally flat supergeometry is AdS^''^. The geometry of this superspace is characterized 
by Gaa = VVa/^-y = and TZ = n = const, /i 7^ 0. The covariant derivatives obey the (anti-) 
commutation relations (1.8). The requirement that AdS^'^ is conformally flat means that 



there exists a 'flat' chiral superfleld a, Da(T = 0, such that 

/i = --e-2'"L)V , (4.5a) 

= ^{DaCr){Daa) + idaai^^ " ^) , (4.5b) 

where Da = {da, Da, D") are the covariant derivatives of 4D A/" = 1 Minkowski superspace 
parametrized by Cartesian coordinates {x"',9°',9a), 

Da = ^ + ie^d^,, Da = -^^-i9%a. (4.6) 



Note that the equation (4.5b) can be equivalently rewritten as 

0=[Da,Dp]e-"^^'^+^K (4.7) 

At this stage, it is convenient to introduce a 3 + 1 splitting of the 4D vector indices 
that is suitable for a 3D foliation of AdS4. We adopt the 3D spinor notation introduced 
in [52l [53] . The 4D sigma- matrices are 

(a,),^ := (1, a) , {aX^ := e^^e^\aa)^s = (1> -^) > ^ = 0, 1,2,3, (4.8) 

where a = (cri,cr2, cts) are the Pauh matrices. By deleting the matrices with space index 
a = 2, we obtain the real and symmetric 3D gamma-matrices 

(^a)a/3 ^ (7a) a/3 = (7a) /3a =(l,ai,a3), (4.9a) 

{aX^ — > (7a)"^ = (7a)^" = e°%^'(7a)7^ , (4.9b) 

where the spinor indices are raised and lowered using the SL(2,]R) invariant tensors 

r = ^"%, ^a = ea^^^. (4.11) 
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by the rule: 



Note that the 3D gamma-matrices satisf}- 



14 



la • \ laja ^ V laja^f i 

{7a, 7s} = 2%sl > 7a7s = ^ah^ + ^aSc7' • 



(4.12a) 
(4.12b) 



There is no difference between dotted and undotted spinor indices in three dimensions. 
Given a four- vector 14, it decomposes as follows 






a" 



la^ 



Va -> V„/3 + i£««V; 



P^z , 



.~a^a/3 



aP 



Va -^ V'^ + ie^'^V, 



r"/3l 



Vap := (7')a,3^a , 



(4.13a) 
(4.13b) 



where a = 0, 1, 3. In particular, the 4D vector coordinates a;" split as a;" = (x", z), where 
z := x^. Then, the 4D A^ = 1 fiat covariant derivatives take the form 



D^ 






+ ie^dap - 9^d^ 



Dn 



d 



89^ 



- le^d^p - e^d^ 



They obey the anti-commutation relations 

{D,, Dp} = {D„, D4 = , {D«, Dp} = -2i9,^ + 2e^pd., 



(4.14) 



(4.15) 



which correspond to the 3D M = 2 Poincare supersymmetry with central charge. The 
central charge is identified with dz- 



We are now prepared to looli for a solution of the equations (4.5a) and (4.7). Let us 
define the bosonic coordinates 



ZL = Z- e'^Oa 



ZR = z + r^. 



(4.16) 



which are respectively chiral, D^zl = 0, and antichiral, D^z^ = 0, with respect to the 



derivatives (4.14). Then, it is a short computation to prove that the superfields 

e~" = \fi\zL — fi9^ , e~'^ = \fi\zFt — ^9"^ 



(4.17) 



satisfy the equations (4.5a) and (4.7). As a result, the relations (4.3a)-(4.3c) with e '^ 



given above define a conformally flat realization of AdS^'^. 

Given a superfield U{x"',z,9°',9a), we introduce the projection U\ := U{x"',z, 0,0). 
For the covariant derivatives the projection is defined similarly 

Va\ := Ea^'IOm + ^$a'1M,, . (4.18) 

^^The 3D Minkowski metric is rjmn — J?™" = diag(— 1, 1, 1) and the Levi-Civita tensor is normalised as 

J, _ ,012 _ 1 

£oi2 — ^£ — ^i- 



33 



It follows that 

Va := Va\ = e-^^-^+^^l^, + ■ ■ ■ = \fi\zda + ■■■ (4.19) 

where the ellipses denote the Lorentz connection. For the vierbein we get 

er = \fi\zST. (4.20) 



Therefore the space-time metric has the form (1.4) with s = \fx\. 



4.2 AdS 
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The M = 2 AdS superspace was briefly introduced in subsection 1.1 We recall that 
AdS^'® is a maximally symmetric geometry that originates within the superspace formula- 
tion of A/" = 2 conformal supergravity developed in [11] . This formulation is based on the 
curved superspace geometry given by Grimm [51] . What makes this geometry suitable to 
describe conformal supergravity is the invariance of the corresponding constraints under 
certain super- Weyl transformations discovered in [TT] . 

Let us summarize the main ingredients of the formulation of 4D Af = 2 conformal 
supergravity given in [11]. The superspace geometry is described by covariant derivatives 
of the form 

Va = {V,, Vl^, Vf) = E/^dM + \^a'"'M,, + ^J^'-hi , (4.21) 

where -E^"^ is the supervielbein, Q^"^ the Lorentz connection and ^a^'' the SU(2) connec- 
tion (with Jki being the corresponding generators). The covariant derivatives are subject 
to certain conventional constraints [51] which are solved in terms of several dimension-1 
constrained superfields, Sij = Sji, Qaa, yap = y^a and Waii = Wpa, and their covariant 
derivatives. The superfield Qaa is real, Qaa = Qaa, while the other torsion components 
are in general complex (the torsion Sij can be made real in a special super- Weyl gauge). 
The constraints turn out to be invariant under super- Weyl transformations generated by 
a covariantly chiral parameter a. The super- Weyl transformations were given originally 
in [TT] in the inflnitesimal form, and then in [TU] in the flnite form. 

Two superspace geometries described by covariant derivatives Va = (^a, ^a; A") ^^^ 
Da = {Da,Dl^,Df) are conformally related if the covariant derivatives Va are obtained 
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from Dji^ by applying a finite super- Weyl transformation 

P^ = e^^ (d; + (D^V)M^„ - {D^kCT)J'') , (4.22a) 

P^, = e^'^ (d^, + (57a)M^^ + (5^a) Jfc,) , (4.22b) 

^a = e^('^+'^)(/^. + ^(a,)",(Dfcr)D^ + ^(a,)",(D^a)5f - ^(D^(a + a))M„, 
+ k^a)""(I)^V)(D„,a)M„, + ^(a,)""(Dfa)(D^a)M,, 



1,^ --^^^^A,- x,n« 



--(aJ-"(D»(Dia)J,,j , (4.22c) 

where the parameter a is covariantly chiral Dfa = 0. The dimension-1 components of 
the torsion in the two geometries are related to each other as follows: 

S,, = e'[s., - \{DlD,,)a) + ^(Dja)(D,,)a)) , (4.23a) 

gj = ei('^+^) {gJ - '-{a%^D^{a - a) - ^(/^^a)(5f a)) , (4.23b) 

ya^ = e'{Yap - liDlDp),a) - J(Z}f„a)(Z}^),a)) , (4.23c) 

>V«/3 = e'^W^f, . (4.23d) 

The geometry described by P^ is said to be conformally flat if the covariant derivatives 
D_4 correspond to a fiat superspace characterized by Sij = Ga = Ya/s = Wap = 0. An 
example of a conformally fiat superspace is AdS'''^ flOJo ^^^ geometry is completely 
determined by a nonzero, real, covariantly constant isotriplet 

gij = gji ^ sTj = Sij , Vj^S^^ = , (4.24) 

while the other component of the torsion vanish, 

W„/3 = yap = Ga0 = O- (4.25) 



The covariant derivatives of AdS^'^ obey the (anti-) commutation relations ( 1.2 ) . The proof 
of the conformal flatness of AdS^'^ given in [TO] was based on the use of the stereographic 
coordinates for AdS4. We now derive a new conformally flat realization for AdS"^'^ that 
makes use of the Poincare coordinates. 

The condition of conformal flatness of AdS^'^ means that there exists a chiral superfleld 
a such that 3^^^ = ^^^ = and S^^ = S^^ is covariantly constant. Let D^ = {da, D\, Df) 
be the covariant derivatives of the M = 2 Minkowski superspace. 



^'^In the framework of nonlinear realizations, the conformal flatness of AdS**'® was shown in [5F. 
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with the standard anti-commutation relations 

It follows from (4.23b) that the equation Q^^ = is equivalent to 



In accordance with (4.23c), the condition ya/s = is equivalent to 



The equation (4.23a) leads to 



ig<7+<xpiig-a^) ^ l^^+^^j^ij^-a^ 



(4.27) 



(4.28) 



(4.29) 



(4.30) 



where D'^ := D"'Di = D^' and D'^ := D\D'^^ = D^\ Due to (4.23d), the equation 



Wa/3 = is satisfied automatically. The condition (4.30) tells us that the chiral superfield 



W :-- 



DfW = 



obeys the reality condition 



D'm = D'^W , 



(4.31) 



(4.32) 



which is the Bianchi identity for the chiral field strength, W, of an Abelian vector multiplet 
in fiat superspace [33]. Associated with this vector multiplet in fiat superspace is the 
intrinsic vector multiplet in AdS^'® (introduced in section ^ such that its covariantly 
chiral field strength, W, is constant, 

W = e" ly = 1 , (4.33) 

where we have used the super- Weyl transformation law of the vector multiplet [TT]. It 



should also be mentioned that the Bianchi identity (4.32) implies that the real isotriplet 

1 



satisfies the constraints 



:D'^W , E^J- := ]d,jW = SikSji S 



/)(*5]ifc) = /}(^s^-fc) = 



kl 



(4.34) 



(4.35) 



which are characteristic of the M = 2 linear multiplet. The above relations are completely 
general in the sense that they hold for any super- Weyl parameter a which conformally 
relates AdS"^'^ to fiat superspace. 
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Now, we turn to deriving an I0(2,l)-invariant solution of the equations (4.29) and 



(4.30) which leads to the Poincare coordinates for AdS4. In complete analogy with the 



A^ = 1 case described in the previous subsection, we introduce a 3D foliation of the 
space-time coordinates. Then, the 4D M = 2 flat covariant derivatives take the form 



Dl 



d 



- + Kin^pB^'d, 






Dr 



d 



i{Y' 



)afi"i ^m 



The anti-commutation relations for the covariant derivatives turn into 



Oa^^. . (4.36) 



{D^, Dj} = {D„„ Dp,} = , {Di, Dp,} = -2i5}i^^Ud^ + 25)e^pd, . (4.37) 

These relations correspond to the 3D A/" = 4 super-Poincare algebra with a real central 
charge. 



We make the most general I0(2,l)-invariant ansatz for a in (4.22) 
e'^ := A{zl) + e,,B'^{zL) + e'W,,C{zL) , 



"ij ■ "i "aj ) 



(4.38) 



where z^ := z — O'j^O^ is the chiral completion of the space coordinate z, D^iZL = 0. 
The unknown functions A{zl)^ B^^{zl) and C{zl) can be determined by requiring the 



equations (4.28), (4.29) and (4.30) to hold. The solution to these equations (compare 



with the five-dimensional case \iQ\) is 

e" = szL + s'^eij , 
where s*-' is a constant real isotriplet. 



s'^ = s'^ 



1 



s'^s 



IJ ■ 



(4.39) 



(4.40) 



Evaluating the torsion superfield S"^^ gives 

^ij = le"+^(D*-'e-") = ^e"+"(D^^e-") = s'^ + 0{9) . 



(4.41) 



It can be checked that S^^ is real, S^^ = S'^K It is covariantly constant by construction. 



It follows from (4.41) that 



S^ 



:S'^S,. 



1 ^, 



u 



(4.42) 



This completes the derivation of the conformally flat representation for AdS^'^. In what 
follows we do not distinguish between S and s. 
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It should be remarked that S^^ in (4.41) is covariantly constant, Vji^S = 0, but 



not constant. The point is that the conformally flat representation for the covariant 
derivatives, eqs. (4.22a) and ( |4.22b ), is given in terms of a linear combination of all the 
generators of the group SU(2)/j. As discussed in subsection |1.1| the SU(2) gauge freedom 
can be used to bring the SU(2) connection of AdS^'^ to the form ^y^^^ = $_4iS*-', for some 
one-form $,4. In such a gauge, S^^ becomes constant, 5*-^ = s*-' = const. 

For our analysis in the next sections, it is important to know explicit expressions for 



the components of S*-', eq. (4.34). To derive them, it proves useful to replace S*-' with 



an index-free object S*^^)(f) obtained by contracting the SU(2) indices of S*-' with an 
auxiliary bosonic isotwistor f * G C^ \ {0}: 



S(2)( 



V^VjE'^ 



(4.43) 



The significance of this definition will become clear later in the paper when the projective 
superspace techniques will play a central role. For now, let us focus on presenting some 
technical results concerning T.^'^\ 



In terms of E'^^\ the equations (4.35) take the form of analyticity constraints 



D«S(2) = dWs(2) = 



(4.44) 



where we have introduced 






(4.45) 



It follows from the anti-commutation relations (4.27) that the fermionic operators D^ 



i(i) 






and Da strictly anti-commute with each other, 

{D'^\D^^'} = {^i^\4'^} = {D^^\D^^'} = . (4.46) 

These properties allow us to define fiat projective supermultiplets (compare with the 



definition given in subsection 1.3). 



We introduce a new basis for the superspace variables z, Of and Of (which is analogous 
to the analytic basis in harmonic superspace [S]) defined as follows: 






[V,U 



-UiO'a , 



za ■■-- 



z + ^°(i)^i-i) + ^"(-1)^(1) 



(1) .- 



ViO'a. 



(-1) .- 



f,U 



-UiOl , (4.47a) 



(4.47b) 
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Here we have introduced a second isotwistor Ui E C^\{0} which is subject to the condition 
that {v,u) := f*Mj = SijV'^u^ ^ 0, but otherwise is completely arbitrary. The coordinates 
Za := (2;^, Oa\ Oa ) are annihilated by the derivatives Da and D 



a , 



D^^^Za = Di'^ZA = . (4.48) 

In terms of the variables Za, the superfield S*^^-* can be shown to have the form: 

s(2) = s~\zAr's^'^ - 2s-\za)-' {e^'^ + e^'^) + 4s-2(^^)-3s(o)^-(i)^a) 

where 0(2) = ^"(i)^(^i), 0(2) = 0(^1)^(1) and 

s(2) := t;,i;,s'^' , s(°) := ^s'^ , s'^-'^ := j^s'^ . (4.50) 



The expression (4.49) makes manifest the fact that S^^^ satisfies the constraints Da S'-^) 



D^ -'S^^'' = 0. Moreover, despite the fact that the separate contributions in the right-hand 



side of (4.49) explicitly depend on Ui, it is easy to prove that S^^^ is independent of Ui, 



as it should be in accordance with (4.43). 



5 OfF-shell supersymmetric theories in AdS^'^ using 
the 3D fohation 



As discussed in subsection L3, general M = 2 supersymmetric theories in AdS4 can 
be formulated in terms of covariant projective supermultiplets living in the projective 
superspace AdS^'^ x CP^. Here we would like to reformulate, following the five-dimensional 
analysis of [12], the dynamics of these theories in terms of flat projective supermultiplets 
by using the conformally flat realization of AdS^'^ introduced in the previous section. 

5.1 Supersymmetric action 



The manifestly supersymmetric action principle in AdS^'^ x CP^ is given by (1.23). 



Our goal is to bring this action to a fiat superspace form which is based on the use of 
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the conformally flat realization of AdS^'^ introduced in the previous section. In order to 
achieve this, the key technical result is the super- Weyl transformation law of covariant 
projective supermultiplets [H]. Under the super- Weyl transformation given by eqs. (4.22) 
and (4.39), which relates the AdS covariant derivatives to the flat ones, the AdS projective 

(5.1) 



supermultiplet can be represented as follows: 



Q(")| 



V] = e2 



|"(o"+o")n{") 



Q^'^Kv) 



where Q'''^\v) is a projective multiplet in flat superspace, 

D«Q(") = D«g(") = , 



(5.2) 



i(i) 



)(i) 



with the derivatives Da and Da deflned in (4.45). Using eq. (5.1), the action (1.23) can 
be transformed to a form that involves integration over four Grassmann directions [TO] , 
instead of the eight-dimensional Grassmann variables in (1.23). 



It follows from eqs. (4.22), (4.30), (4.34) and (5.1) that 



£(2) = e'^+'^L(2) 



5(2) _ e-+^s(2) 



E 



(5.3) 



Then the action (1.23) can be rewritten as 

1 



S 



27r 



27r 



c 



c 



v,dv) / d^xd^^d^^ 



dv) / d"xD(-^)D(^) 



g-a-a^(2) 

(S(2))2 



^E(2))2 



where we have deflned 



1 



Z^(4) .= A/)(2)^(2) 

16 

£)(-4) ._ 1 UjUjUkUi ^,^ ^^i 

16 {v,uY 



D^^^ := ViVjD'^ , ^(2) := v.VjD'^ 



(5.4) 

(5.5a) 
(5.5b) 



Here again Ui is an auxiliary isotwistor which is only subject to the condition iy^u) := 
v'^Ui 7^ 0, and is otherwise completely arbitrary. Since L*^^) ^j^ci Yji"^) a^e flat projective 
supermultiplets, it remains to use the identity 



to end up with 



D^^\-'^-^ = (-D(2)p^j (^1^(2)1^) = 0^)f 



S = ^ (l{v,dv) /"d^xZ)(~^)L(2) 



(5.6) 



(5.7) 
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The new form of the supersymmetric action obtained, eq. (5.7), is much simpler than 



the original one, eq. (1.23). However, this is not our final representation for the action 



to work with. There are reasons to look for further simplifications. The point is that we 



are mostly interested in the off-shell cr-model (1.26). The fiat-superspace version of the 
corresponding Lagrangian is 



— S(2)K(T,t) 



i:(2) = _^s^'^K(T,t) , (5.^, 

with S^^) given by (4.49). Upon projection of this Lagrangian to the Af = 2 subspace of 



the 3D A/" = 4 superspace, L^'^^\g §2=0, it turns out that S^^^ has a nontrivial dependence 



on the isotwistor v\ and this complicates the evaluation of the contour integral (5.7). 
This problem can be avoided by choosing an alternative M = 2 subspace of the 3D A/" = 4 
superspace. 



5.2 New Grassmann coordinates for 3D J\f = 4 central charge 
superspace 

In performing reduction from four to three dimensions, the manifest 4D Lorentz sym- 



metry gets broken down to the 3D one, and the 4D M = 2 fiat spinor derivatives (4.26) 



turn into the 3D A/" = 4 covariant derivatives defined in (4.36). Since the difference be- 



tween dotted and undotted indices disappears in three dimensions, we are in a position 
to introduce a new basis for the spinor covariant derivatives defined as 



By complex conjugation we find 

1 



1 

71 



{K + ^D\) 



AgC . 



Dr 
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{D^i - \D^,) , (D^^) = (-i)^wr)„,t 



(5.9a) 



(5.9b) 



where b{'^) denotes the Grassmann parity of a complex superfield \E'. Using (4.37) we 
derive the anti-commutation relations obeyed by the operators introduced: 






Making the choice 



-2Xe'^eai3dz , {Dai,D,3j} = -2\eijecpd^ (5.10a) 

-i(l + \\\^)5id^p + (1 - \X\^)5]e^pd, . (5.10b) 



AA = 1 (5.11) 
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simplifies the above algebra 



An explicit realization of the covariant derivatives introduced is as follows: 

d 






dot 
d 






)al30 drh — XOadz 



36 ■ dm + ^Oaidz 



where we have defined 



V2 



{0: + xet) 



Oa ■■= ^ {Oa - A^l) 



(5.12a) 
(5.12b) 



(5.13a) 
(5.13b) 

(5.14) 



Let Q^'^\v) be a weight-n projective multiplet, 



(5.15) 



with respect to the covariant derivatives (4.45) obeying the anti-commutation relations 



(4.46). We can extend the definition (4.45) to the case of the covariant derivatives (5.9) 



by defining 



D^}'^ := Di 



D 



(1) 



DaVr. 



It follows from the definition of Z)l and D^ that 






D 



(1) 



V2 



{D^' - A/^i^)) 



(5.16) 



(5.17) 



In other words, the operators D)^' and D^ are related to Da and Da by a linear 
unimodular transformation. Therefore, if Q'-"'' is a projective supermultiplet with respect 



to the covariant derivatives (4.45), it is also a projective supermultiplet with respect to 
the spinor derivatives -D^ and -D^ , 



D«g(") = r>i'^g(") = o 



(1) n(i)^ 



(5.18 

,{1) n(l)^ 



and vice versa. We conclude that the two sets of operators, {Da , Da ) and {Da -i ^ 
are completely equivalent to use when dealing with the projective supermultiplets. 



There are two technical reasons why the use of covariant derivatives (5.9), and the 



associated Grassmann variables (5.14 ), are advantageous in the context of supersymmetric 



42 



cr-inodels in projective superspace. First of all, it is this realization of 3D A^ = 4 central 
charge superspace which provides the simplest embedding of 3D N = 2 superspace without 
central charge. Given an arbitrary A/" = 4 superfield U{61,6U, we define its A/" = 2 
projection as follows 



U\ ■.= u 



6>2=6»-=o 



Defining also the Grassmann variables of TV = 2 superspace, 



6>" := 61 



T2''- 



xe 



o2\ 



On :— 0^ 



71' 



'1 - xe. 



a2 



(5.19) 



(5.20) 



it is easy to see that 



D. 



D, 



D 

Dal 



6»2=o 



_d_ 

W 

d 






(5.21a) 
(5.21b) 



02=0 06 
These operators have no dependence on z, and obey the anti-commutation relations 

{Dn, Dp} = {Da, Dis} = 0, {Da, Dfs} = -2i(7™),^9^ (5.22) 

corresponding to 3D M = 2 Poincare supersymmetry without central charge. Note that 



the similar 6*- = % = reduction of the derivatives {D\,Dai), eq. (4.36), does not 



decouple the 2;-dependence, leading to the 3D A/" = 2 superspace with central charge. 



The second reason to use the covariant derivatives (5.9) is that this realization turns 



out to provide, for a special value of A, the simplest expression for the M = 2 projection 
of S^^l. Let us look again at S*^^^(f). If we restrict our attention to the open domain of 
CP^ where f- 7^ 0, which is the north chart of CP^, we can write 



S(^)(t;)=i(t;i)\SP](C), SPl(C) 



S^^'OC 



■J 1 



where 



v^ = v\i,0 = vK\ C = (i,C), = (-C,i)- 



(5.23) 



(5.24) 



Now, we consider the case in which only one of the three independent components of s* 



IS nonzero 



fiii = s^ = , s^ = as , 



a = ±i 



(5.25) 
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which is exactly the choice (1.3a). Note that s is real and positive. A straightforward 



computation of the 3D J\f = 2 reduction of S[^l((^) gives 

eP](C)| =2ias~'z-' 

-is-^z-^(2{\ + A)6>"^a + ^(A^ - 1 + 2a\)0^ + C(P - 1 - 2a\)e^ 
-3is-^z~\X - A + 2a)e^e^ . (5.26) 

So far, the parameter A has been restricted by |A| = 1. We now observe that choosing 

A = -a = ^i, (5.27) 

allows us to eliminate all the 6 and ( dependence of Sq (in complete analogy to the 



5D case [IS]). The condition (5.27) completely fixes the 3D A/" = 2 reduction to be used 
below. 



Note that the choice of sign in (5.27) is conventional. In fact one can flip the sign by 



changing everywhere the 8 coordinates to 6 and vice versa. Throughout the main body 

lifi 

2s-^z-'^ . (5.28) 



of the paper we will use A = —a = i, which simplifies (5.26) to 



5.3 The supersymmetric action revisited 



We now return to the supersymmetric action (5.7). It is given in terms of the flat 



covariant derivatives (-DJ^,/)^). Above we have introduced the new basis for the spinor 
covariant derivatives, (£)^,-D^). We have also shown that any projective supermultiplet 
with respect to (D^, Z)^) is also projective with respect to (-D^, D^). In terms of the new 
spinor derivatives, the action can be seen to be 



where 



^= -L Lv,dv) fd^xdzD^-^^L^^^ 

£,(-4) . 



I6{v,u 



UiUjUkUiD^^ D . 



(5.29) 



(5.30) 



Without loss of generality, we can assume the north pole of CP^, f* oc (0, 1), to lie 



outside of the integration contour in (5.7), and hence we introduce the complex inhomoge- 



neous coordinate C, for CP^ defined by f * = f-(l, C)- Since the action (5.7) is independent 



44 



of Ui, we can also choose Ui = (1,0). In addition, it is standard to represent L^"^^ in the 
form 

L^^\v)=ivhn{0=i{v'-YCL{0 . (5.31) 

By using the fact that L^"^^ enjoys the constraints QDl^L = QD^L = 0, we can finally 
rewrite S as an integral over the 3D M = 2 superspace followed by an integral over ]R_|_ 



s= fdz I ^ fd^xd^ed^OLic) 



02=0 =0 



(5.32) 



This action is manifestly invariant under the 3D M = 2 super-Poicare group without 
central charge. By construction, the action is in fact invariant under the larger 4D M = 2 
AdS supergroup OSp(2|4). 



Using our earlier result (5.28), for the supersymmetric cr-model (5.8) we end up with 
the following action: 

d^ [ dC 



S 



[sz] 



I -y-I^ 



d-'xd'Od'OK{V,T 



0^=0^=0 



(5.33) 



'c 27riC 

The arctic T\Q and antarctic T^(C) dynamical variables are generated by an infinite set 
of ordinary 3D M = 2 superfields parametrically depending on z: 



T'(C) = EC"^n = '^' + ^^' + ^(C')' 



n=0 

oo 



1^ 



*'(0 = E(-0"" ^n = ^' - ^^' + 0(C 
n=0 ^ 



-2\ 



(5.34a) 
(5.34b) 



Here the physical superfields $^ := Tq and E^ := T{ are 3D M = 2 chiral and complex 
linear respectively. 



D,,^^ = 



d^j:^ 







(5.35) 



while the remaining components, T2, Tg, . . . , are complex unconstrained 3D M = 2 su- 
perfields. The crucial point is that, except for the overall integral j dz (s2;)~^, the action 



(5.33) looks exactly like a fiat 3D A/" = 4 cr-model, see e.g. |52j . 



6 cr-models from projective superspace: 3D foliated 
frame 



Our next task is to reformulate the AdS supersymmetric cr-model (5.33) in terms of 



3D M = 2 chiral superfields by formally eliminating the auxiliary superfields Tg, T3, . . . 
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and performing an appropriate duality transformation. In this and subsequent sections, 
we will be dealing only with 3D M = 2 superfields (parametrically depending on the forth 
space variable z), so we will always drop the explicit bar-projection. 



The action (5.33) possesses off-shell 4D Af = 2 AdS supersymmetry, OSp(2|4), by 
construction. Part of this supersymmetry is manifest as 3D M = 2 Poincare supersym- 
metry. To exhibit explicitly the remaining symmetries, we need to know the structure of 
the Killing vector fields in this foliated superspace. Since the generic form of the Killing 
vector fields in AdS^'*^ is known [10], it is a straightforward task to specialize them to 
the specific frame we have chosen. We leave the details to appendix |X] and give only the 
result here when projected to 62 = 6~ = 0. 

6.1 Extended supersymmetry and Killing vector fields 

Within the 3D foliated frame of AdS, a projective supermultiplet Q(C) of weight zero 
transforms as 

5Q = - (eda + rs. + r£>a + a£>" + Cp'^d^ - -p^D'^ - 2iAC9c') q . (e.i) 

The parameters ^", ^^, etc., can be decomposed into those associated with the manifest 
3D M = 2 Poincare supersymmetry 

e = p^ + a;\x^ - '-e^K^^,e"e^ - 2ie^i^T^0^ - 2i e'^ {^') ^^d^ , (6.2a) 

r = e" - \co%,^0^{Y)^'' , (6.2b) 

r = P" = Pa = A = , (6.2c) 

and those associated with the remaining isometrics 

C = 2rx^ + 2iAii6>"(7")„^^^ - 2x^A;gx^ + x^k^ - 2i£"^^A;gXe6'"^„ + z^k^ 

- ^6/2^'A;" + 2x'^r/°6l, + 2x%e'' - 2x'e''f,,r]''{-f')Je^ + 2xh^i,f]^{^T P^^ 
-iv'^irUO^O^ -ir{r)a^O^0' , (6.3a) 

e- = -A^i^" - kf^x'e" - k'x%,^e^{Y)p'' - '-k',e^e\^')p^ - ix'fip{r,f^ 

+ e^Opf]'' + ri'^e^ + 26/^%^" , (6.3b) 

^^ = 2rz - 2zxhf^ + 2zri''da + 2zf]aO'" , (6.3c) 

pa ^ .^^a ^ zk-^e\^^)p'' , (6.3d) 

A = -iAii - 2ir7"6l„ + 2ir/„^° - 2kae''{Y)apO^ ■ (6.3e) 
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A general isoinetry is the combination of the two given. From now on, we will always 
consider the combination. 



Several observations should be made. The isometry transformations (6.2) can be easily 
identified with those of 3D M = 2 Minkowski superspace: the constant parameters p", cj-g, 
and e" correspond exactly to the 3D translations, Lorentz rotations, and supersymmetry. 



In contrast, the isometrics (6.3) are more complicated. The parameter r can be identified 
with translations in the z direction, 77° parametrizes the additional supersymmetry, and 
Ai- is plainly the SO (2) i?-symmetry. The parameter ka may be interpreted as a remnant 
of the four- dimensional Lorentz symmetry. 

An alternative interpretation of these isometrics is suggested by the well-known fact 
that the 4D M = 2 AdS supergroup and the 3D A/" = 2 superconformal group are 
isomorphic to the supergroup OSp(2|4). From the 3D superconformal point of view, 
the constant parameters r, r^", Ai-, and fc^ are associated with the 3D dilatations, S- 
supersymmetry, /2-symmetry, and special conformal transformations, respectively. The 
above set of transformations is a certain realization of the 3D M = 2 superconformal 
group. Observe that 

D^C = , D^C = 21^7(7")^^ , £)(^^/3") = , (6.4) 

which imply that ^"^ and ^" are respectively the vector and spinor components of a 3D 
M = 2 superconformal Killing vector field [52]. In fact, except for the z^k"" term in ^", the 
general expression for ^" is the most general solution of these constraints in 3D M = 2 
superspace. From the 3D point of view, the z'^k"' term is just a constant three-vector 
which can be combined with p"" into a constant parameter of translations. 



The S0(2) superfield parameter A in (6.1) obeys 



A=^(£>„r-^"U (6.5) 

which identifies it as the SO (2) superfield parameter of the 3D superconformal group. 
The 3D superconformal scale parameter a may be identified as 

a = ]^{D^C + D'^L) = \dae = 2r - 2x"A;a + 2^6^ + 2r/„r , (6.6) 

and a certain combination of a and A must be chiral, 

cr := cT + iA = 2r + Ai^ + 4r/"0„ - 2A;g(a;^ + i6>"(7^)„;3^^) , D^'a = . (6.7) 
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The remaining parameters in (6.1) obey 



C = za, p"='^D"a, Dpp^ = D^p^ = 0. (6.8) 

All of the parameters discussed above can be derived from C,"" using the equations given. 
There is one difference between the parameter C,"" and the usual 3D M = 2 superconformal 
parameter ^": the explicit z dependence in the z'^k"' term. This leads to the additional 
identity 

d.ia = daC' = zd,a . (6.9) 

Note that ^" and a possess no 2;-dependence. 

It is straightforward to work out the algebra of the isometry transformations. Defining 
<^2i = [^2; ^i], one finds that 

4 = 2^f,DBCi] + 4ier2ef](7')./3 + 2e[25.ef] + ^ip'^^pf^ii^u ■ (e.io) 

From this parameter, one can derive the rest. Note that this differs from the usual 3D 
A/" = 2 superconformal algebra in the presence of the third and fourth terms, both of 
which are proportional to z"^. These are consistent with the presence of the z'^k"' term in 
^". Although the specific transformations of the Killing vectors have been modified, the 
transformation induced on the constant parameters p°, w^g, e, r, Ai^, ka, rj"' remains that 
of the supergroup OSp(2|4). 



The above identities allow us to easily check that the action (5.33) is invariant. Since 
the Lagrangian A' is a weight-zero projective multiplet, the variation of the action is 

'^'^ = ~ / (S^ / 2^ / "^'"^ "^'^ "^'^ (^'^'^ + ^^" + CP°)£>ai^ + i^a - ^Pa)D"K 

+ i'd,K-2i\Cd^K\ . (6.11) 

The last term is a total contour derivative and vanishes. The first three terms can be 
integrated by parts to give 

"^^ Uz fd'xd'ed^edj^) , (6.12) 



I (J 27ri(^ J J ^ s'^z J 

which vanishes provided we can dispense with total derivatives in z^ 

^^When analyzing invariance of the action under infinitesimal isometry transformations, it suffices to 
restrict the fields to be supported inside the Poincare patch. 
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6.2 Elimination of auxiliaries 



We emphasize that the cr-model action (5.33) is a four- dimensional action involving 



hypermultiplets with an infinite number of auxihary fields. Upon elimination of the 
auxiliaries and a duality transformation, this action is naturally associated with a four- 
dimensional M = 2 supersymmetric a-model in AdS. Our peculiar parametrization of 
AdS^'^ has been chosen to render this elimination of auxiliaries as simple as possible. Let 
us now turn to this task. 

The elimination of auxiliaries begins with the following observation. Performing the 
contour integral yields 



dC 



- KiT^T^) = CiTl.ti) 



^ ..--V- , - . -v-n. -n. (6-13) 

where C is some function depending on all of the components T^ of the arctic multiplets 
and their conjugates. For n > 2, these components are unconstrained from the point of 
view of 3D M = 2 superspace. Putting them on-shell naturally leads to an infinite set of 
nonlinear algebraic equations 







dC 

^ n 

dC 

dfl 



dC dK 



c2vriC9T 

dC dK 

2vriC dfj 



jC" 



;-c)" 



n>2 



n>2 



(6.14a) 
(6.14b) 



which are difficult to solve in general. 



However (and this is the point) the equations (6.14) are exactly the same as those 
originating in the M = 2 supersymmetric cr-model in four- dimensional Minkowski space 

Jc 2vriC 

which was first studied in |TS1 ^\ Fj This naturally allows us to appropriate with little 
modification the formal technique of reformulating (6.15) in terms of A/" = 1 chiral super- 



d^xd'^ed^eK{T^,f- 



(6.15) 



fields [28] (see also [29]) and devote it to solving the problem in AdS. The price we pay is 
the loss of manifest four-dimensional Lorentz invariance. 



Assuming that the equations (6.14) have been satisfied for some choice of the auxil- 
iaries, the action is reduced to 



S 



dz 



(sz 



d^xd'^ed'^ec{<^,^,<^,^) 



(6.16) 
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The most general Af — 2 supersymmetric (T-model in four-dimensional projective superspace [8] 



is obtained from (6.151 by allowing the superfield Lagrangian to possess an arbitrary ^-dependence, 

K{T,f) ^X(T,t,C). 
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where 



£: = 



dC 



c 



2vriC 



^-K{T,T) . 



(6.17) 



Here $^ = Tq and S'^ = T{ are the lowest two components of the arctic muhiplet T^. 
These are constrained as 



r>"$^ 







-D^T.^ = id,¥ . 



(6.18) 



In other words, <^^ is chiraL The condition E^ obeys is a modified version of the complex 
linear condition, so we will refer to S^ as a modified complex linear superfieldj^ 



The transformation law (6.1) for T^ implies transformations for $^ and S^: 



+ PaD^r!, - i'dj:^ + 2iAE^ , 



(6.19a) 



(6.19b) 



where T^ = '^2{^i *^, S, S). It is straightforward to check that these transformation laws 



respect the constraints (6.18). In order for C to be invariant, it must obey a number of 



constraints which are derivable from its contour definition (6.17). Defining 

dC K 

2^J ' 



(6.20) 



it can be shown that the following conditions hold identically when the auxiliaries have 
been eliminated: 



dC dC dTi 



dl 



dC dC dTi 



dE 



dC dTi dE 



(6.21a) 
(6.21b) 
(6.21c) 



9S^ 9S^ 9E^ ■ 

They may be proven using the contour definitions of C and S. In addition, since K lacks 
any explicit ( dependence, one can show [HI [T9j that 



^,dC ^ -, dC 



^^Similar modifications to the complex linearity condition are standard in 5D 56J and 6D |57| . 



(6.22) 
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Alternatively, requiring that a Lagrangian £($, S, $, S) be invariant under (6.19), for 
some unknown function T2 = T2($, $, S, E), leads to a set of equations which imply the 



existence of some function S obeying the equations (6.21) |28l [29]. Making use of the 



equations (6.21) and (6.22) leads to the following relation 



S = S^ 



5$/ 



+ 2T^ 



dE^ ■ 



(6.23) 



This result also follows from the contour integral representation (6.20). Eq. (6.23) is the 



3D foliated version of the condition (3.16) which originates in the AdS frame. 



Our next task is to perform a duality transformation converting the complex linear 
variables to a set of purely chiral variables. For this, one relaxes Ti^ to an unconstrained 
superfield and introduces a Lagrange multiplier chiral superfield "^j, D \E'7 = 0, and the 
first-order action 



S 



F.O. 



dz 



\sz 



d'^x d?e d?e ( £($, E, $, S) + S^^/ + S%j 



-i / (Txd^O'^id,^' +i / di^xd^O'^jd,^ 



^3^ j2/ 



(6.24) 



Varying S-p.o. with respect to \l// leads to the constraint on T,^ as in (6.18), and then S-p.o 



reduces to the original action, eq. (6.16). Instead, making use of the equation of motion 
for T.\ 



dC 



-^j 



(6.25) 



leads to the dual action 



S. 



dual 



dz 



[sz 



d^a;d^6/d'0K($,^,<l>,^) 



-i / d-'xd^e^jd^f!)' +i / d'^x d^6> ^/^^^ 



where 



K($, ^, $, ^) := £($, S, $, S) + S^^/ + S^"^j 



(6.26) 



(6.27) 



with E understood to obey its equation of motion (6.25). The dual action is invariant 
under the AdS transformations 



4 \ c/W/ 



(6.28a) 
(6.28b) 
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A new feature of the 3D foliation of AdS is the appearance of chiral superspace integrals 
involving an explicit z-derivative. In this dual formulation, the full 4D Lorentz symmetry 
is no longer manifest. Because the steps we took to construct K are formally identical to 
what occurs in four dimensions, we conclude that the target space must be hyperkahler. 
We will demonstrate this more explicitly in the next section. 



6.3 J\f = 2 super symmetric cr-models on the cotangent bundles 
of Hermitian symmetric spaces 



The procedure of converting the off-shell u-model (5.33) to the chiral form (6.26) 



which we employed in the previous subsection, was purely formal, since we assumed the 



auxiliary field equations (6.14) to be solved. But the actual solution of this problem is the 



most difficult part of the construction! In 4D Minkowski space, this problem was solved 
in a series of papers [18], [19], [20], [21] [22] [23] for a large class oi Af = 2 supersymmetric 



(j-models (6.15) in which K{^, $) is the Kahler potential of a Hermitian symmetric space. 



and therefore the corresponding curvature tensor is covariantly constant. 



VrR 



LJ^h.hl2J2 



VtR 



L^^hJlhJ2 







(6.29) 



Here we can immediately apply the results obtained in [THl UHl [201 [211 [221 [23] to the case 
of (j-models in AdS. 



If the Riemann tensor associated with -ft'($, $) is covariantly constant, eq. (6.29), then 



the auxiliary field equations (6.14) are equivalent to the geodesic equation with complex 
evolution parameter [HI [19] 



d^T^(C) 



+ r^,^(T(c),$) 



dT^(C) dT^(C) 



de ^"v ^^^' J dc dc 

This equation has a unique solution under the initial conditions 

T^(0) = ^^ , t^(0) = S^ . 



. 



In particular, from (6.30) we derive 

T^($,<I,E,S) 



Js:^K 



--r5^(<i>,<l)s-^s 



(6.30) 



(6.31) 



(6.32) 



with rj^($, $) the Christoffel symbols for the Kahler metric gij{^, $). The function Tg 



determines the supersymmetry transformation law (6.19). 
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Upon elimination of the auxiliary superfields, the Lagrangian £($, S, $, S) appearing 



in (6.16) can be shown to take the form [23] : 



£($, E, $, E) = ir($, $) - -S^5 ^ „ _ ''•''^ S , S := I ^, I , (6.33) 



R 



s,s 



where 



R 



S,E 



(i?E)^ 

(^s)'j 



, {R^Yj := -i?x^^j E^E^ , {R^Yj := (i?^)^- , (6.34) 



and 



9 



9ij 

g-ij 



A different universal representation for £($, E, $, E) can be found in 



The hyperkahler potential (6.27) can be shown [23] to be 



K($, $, *, ^) = K{<^, $) + -* V'-^( - -R*,*) * 



where 



J^ X = - <^ VTT^ - 1 - In ^^ ^ , J^ = 1 

X \ 2 



and the operator Rq, ^ is defined as 



R 



V]/ VJ; 



(i?>i,)/^ 



(-R*)/ = {R-^)ik9 , {R-i)KL'-- 



-i^A-'^/^J 



(6.35) 



(6.36) 



(6.37) 



(6.38) 



7 The most general J\f = 2 supersymmetric cr-model 
using the 3D fohation 

In this section, we attempt to generalize the models discussed in the previous section. 
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7.1 The most general J\f = 2 super symmetric cr-model 

We take the action 

s = f -7^1 f d^xd^e£eK{(f),^) + ( f d^xd^eiH^{(f))d,(j)'' + c.c}j I (7.1) 

where K is the Kahler potential and Hg, is a holomorphic (1,0) form. This action is 
manifestly 3D M = 2 supersymmetric. We make an ansatz for the transformation law 
under the full 4D AdS supersymmetry of the form 

5<p- = -Cda^ - CDa^ + 2cr^' - '-D^zan'') , (7.2) 

where ip'^ = ip^{(t)) and Vt^ = f2^(0, 0) are for the moment arbitrary. Requiring invariance 
of the action under this transformation implies conditions on both the functions ip^ and 
Q^. Similarly, closure of the algebra imposes additional restrictions. Ultimately, one 
discovers that the transformation law must take the form 

S(f)^ = -C<9a0^ - r-D«0^ - 2(Tu'''°Hk - ^-D"^ (zau^'^K^,) , (7.3) 

where u^^ is an antisymmetric chiral quantity obeying a number of conditions. First, it 
must be covariantly constant, 

Vccl;^^ = , VcW^'' = (9ec2;^^ = . (7.4) 

Secondly, it must obey 

Uj'-^UJhc = -^c , ^ab = ^ac^bd'^^'^ • (7-5) 

These two conditions imply that the target space is hyperkahler. 

A third requirement is that the holomorphic (2,0) form a)ab must be exact, with its 
one-form potential given by H^, 

Cl^ab = <9ai/b - <9bi^a • (7.6) 

In addition, Hs, must be related to a holomorphic U(l) Killing vector 

\/^:=ic:;^^/Jb, H^ = iUbcV'' (7.7) 

which from its definition can be shown to rotate the complex structure, 

'CyOJah = Val^'^CJcb + Vb^'^cl^ac = 1 Va-f^b - 1 Vb-Z^a = 1 ^ab , (7.8) 
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as well as the holomorphic one- form if a, 

CvH^ = iCvQ.^V'' = iH.,. (7.9) 

Remarkably, when all of these conditions are imposed, the supersymmetry algebra 
closes off-shell. The same behavior was observed in the conventional foliation of AdS 
[H |2] discussed in section |3} 

The action can be written in terms of the Killing vector V^ 



ra. 



dz 

[sz) 



s= I j—^\ I d^xd^ed^eK{4>,4>)+ ( / d^xd^ev'u^i^d.cp^ + c.c.) } . (7.10) 



The transformation law for 0^ similarly can be rewritten 

S(j)^ = -Cda(j)'' - CD^cj)'' + 2i(tV'' - ^£)^(;zaw^^Kb) . (7.11) 

The action derived in the previous section from projective superspace corresponds to 
a choice of Darboux coordinates where 

r = (*',*/), H^ = (-^,,0), i."' = ii.i,= ( _° M, (7.12a) 

We know from the earlier works [HI [19], |28] that 

K($, ^, $, ^) = K{^, $) + 'H($, ^, $, ^) , (7.13) 

where 

oo 
n=l 

7/""($,$) = c/"(<l',$) . (7.14) 



Here the coefficients ']-i^^-^riJr-Jn ^ fQj^ n > 1, are tensor functions of the Kahler met- 
ric (y'/j($,$) = didjKif^,^), the Riemann curvature i?j-j^j^($, $) and its covariant 
derivatives. Using this result, we can compute a Killing potential, /C = ^, corre- 



sponding to the Killing vector field (7.12b). In accordance with |32], it is defined by 
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V"'{(f))daK{(f),(f)) = (i/2)/C(0, 0) + A(0), for some holomorphic function A. In our case, it 
is immediately seen that A = and 

oo 

/C(<l>,^,$,^) =2j2n'H'''-'"''-'"{'^,^)'^h---'^in^J\---^Jr. ■ (7.15) 

n=l 

It follows that /C(0, 4>) is a globally defined function on the hyperkahler target space. 

As an example, we can consider X = CP". In standard inhomogeneous coordinates 
for CP", the Kahler potential is 



K{^,^) =r2ln(l + — $^$^ 



(7.16) 

The hyperkahler potential on T*CP" is known to be (see e.g. [21] for a derivation) 

K($,^,$,^) = K{<!), $) + r^l v^l + 4|*|2/r2 _ In ('l + ^^1 + 4|^|2/r2) | , (7.17) 
with |\E'|2 := g^^{^, l>)\&/'l'j. The Killing potential is 

/C($,^,l>,^) =r2('v/l+4|^|2/r2-l) . (7.18) 

We can now demonstrate that the most general supersymmetric a-model described 



above, eq. (7.1), can be derived from a model in projective superspace of the form 



(5.33). Our starting point is the holomorphic symplectic (2,0) form lo = dH. According 
to Darboux's theorem (see, e.g., [SB]), locally we can choose new complex coordinates 
(j)^ = (<|)^^ "^i), centred around the origin of C^", in which the holomorphic (1,0) form H 
looks like a Liouville form 



H = -^/d$^ . 
Then u coincides with the canonical symplectic form, 

Lj = d$^ A d^7 , 



(7.19) 



(7.20) 



which is equivalent to (7.12a). As a consequence of eq. (7.7), we also observe that the 



Killing vector field V takes the form (7.12b). Since the vector field V is Killing, from 



(7.12b) we conclude that 

K($, e'°^, $, e-'""^) = K(<l>, ^, $, 'I') + <{ A(<l>, ^) + c.c. 



a G 



(7.21) 



for some holomorphic function A($,\E^). We assume the Kahler potential ]K($, \E', $, \&) 
to be a real analytic function on the coordinate chart chosen. Then, the previous result 
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tells us that modulo a Kaliler transformation we can choose K(<l>, \E', $, \E') to be invariant 
under the U(l) isometry group generated by V, 



K($, e'"^, $, e"^"^) = K(<l>, ^, $, ^) . 



(7.22) 



We now consider a submanifold defined by \E'/ = \E'_^ 
introduce a Kahler potential if ($, $) as follows: 

K($,$) :=K($,^,$,^) 



0. On this submanifold, we 



15=15=0 



(7.23) 



Associated with K(^, $) is the desired supersymmetric a-model (5.33) 



7.2 Superpotentials and tri-holomorphic isometries 



It is natural to ask whether it is possible to modify the action (7.1) to include a 



holomorphic superpotential. From experience with the Minkowski limit, we expect the 
superpotential to be associated with a tri-holomorphic isometry X^, which obeys 

CxOJ.b = 0, d^X^ = 0, VaXs + VbXa = 0. (7.24) 

The tri-holomorphy requirement implies that X^ can be locally written as 

X^ = -ib^'^dkW , (7.25) 

for a holomorphic function W. (The choice of phase on the right-hand side of this expres- 
sion is conventional at this point, but we will soon see that this is the correct choice.) 



Let us make the additional requirement that the action (7.10) be invariant under the 
tri-holomorphic isometry 5(1)'^ = X'^. This leads to 

dz 



5S 



{szy 



d-'xd'0d'0Cx^ 



+ / d^xd^e{CxVyco^bd,(t)^+ / d^xdzd^e{CxVfu-^y,d, 



(7.26) 



The Kahler term is already invariant up to the real part of a holomorphic superfield, so 
it vanishes. This leaves the superpotential term, and we find the additional requirement 



CxV=[X,V]=0. 



(7.27) 



Making use of this condition along with ( 7.8[ ), one can show that there exists a globally 
defined choice for the holomorphic function W, 



W = -i Vco.uX^ 



CvW = iW 



(7.28) 
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Let us add to the action (7.10) the term 



d^x dz d^e 



[sz 



rW' + C.C. . 



(7.29) 



From our experience with the situation in section 3.2, we expect the addition of the 



superpotential to correspond to the modification of the U(l) Kilhng vector, so we postulate 
the modified transformation law 



-Cd.r - CD^r + 2io- ( V^ - ^XM - '-D^zau^'^K^) . 



(7.30) 



At this point, it is easy to show that the new action and transformation law is equiv- 
alent to the old action and transformation law for the choice 



^/a ^ ya j5^a 



2s 



(7.31) 



To prove this, observe that 

[ d'^xdzd^e-^-V'-'u^^dJ' 

J [szY 

d^xdzd^e ^ {V^UJ^^,^,<P'' - ^X^c:;ab9,0" 

One can show that d^W = Uah^^, and so we have 



(7.32) 



d^xdzd^e -^ (V'^u^y.d^cp'' + ^d^Wd^A 

d^X dz d^e -At^ ( V^Wab5,0^ + —W] . 



(7.33) 
[sz)^ \ sz J 

Note that since X^ is tri-holomorphic, we are allowed to add it to V^ without modifying 
any of the conditions that V^ obeys. 

So the general form of the action with a superpotential 



S 



dz 

{szy 
+ 



d^xd^Od^O 



d^X d^e V^Wab f 5.0^ - — X^) + C.C. 

V sz / 



(7.34) 



with the AdS isometry 



-r^a^" - CDa^"" + 2icr ( V" - ^X^") - ^r)'(zad;'^^Kb) 



(7.35) 
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is completely equivalent to the original form (7.10) with V"^ = y^ — X^/2s. This equiva- 



lence is completely analogous to the situation in the AdS frame, which we will elaborate 
upon in section [8j 

For completeness, we should mention that there is one other possibility for adding a 
superpotential term; however, its geometric significance is quite different. Let us take the 



original action (7.10) and add a superpotential term (7.29). However, in contrast to the 



choice of phase made in (7.25) and (7.28), let us take 
Note that this still obeys 



(7.36) 



(7.37) 



It turns out that for this choice, the superpotential term and the original action (7.10) 



are separately invariant under the original isometry (7.11). What then is the physical 
significance of this choice? 

The answer lies in the following observation: there is no barrier to choosing the real 



proportionality factor / in (7.36) to possess arbitrary z dependence! So we arrive at a 
chiral integral of the form 



d-^xdzd^O 



[sz) 



V^u^^, ( 9,0^ + ^X^ ) + c.c. 



(7.38) 



There is an obvious interpretation of this additional term: it is a 2;-dependent gauge 
connection which gauges the tri-holomorphic isometry. That is, we may identify 



V. 



9. 



+ 



f{z) 



sz 



XK 



(7.39) 



Note that this connection is actually pure gauge, and so we can remove it if we perform 
a gauge transformation 



-A(2)X^ 



A'{z) 



sz 



(7.40) 



In fact, we should always choose f{z) = in this way. Eq. (7.38) for f{z) 7^ is 



clearly problematic from the point of view of 4D Lorentz invariance of the component 
action. Any 4D Lorentz transformation for f{z) 7^ must be accompanied by a gauge 
transformation to restore f{z) to this form. While this in a very technical sense respects 
4D Lorentz invariance, it clearly violates its spirit. So we will always restrict to the case 
f{z) = 0. We emphasize that this is the natural gauge choice. 
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The actions considered above emerge automatically when one considers projective 
superspace Lagrangians with holomorphic isometries on the original Kahler manifold. 
These become tri-holomorphic isometries on the cotangent bundle. When gauged with 
the intrinsic vector multiplet prepotential of AdS, the above structure can be shown to 
emerge, including the bizarre factor f{z). It is to this construction which we now turn. 

7.3 Gauged cr-models from projective superspace 

We return to the original action 

written in projective superspace. Let us suppose K possesses a holomorphic isometry X^ 
under which 

X^Ki + X^Kj = F(T) + F(t) (7.42) 

where F is a holomorphic function of the arctic superfields T'^. Such transformations are 
symmetries of the action. The transformation 6T^ = X^ on the arctic superfield leads to 

6^^ = X{^Y , 6^1 = -diX{^y^j (7.43) 

for the cotangent bundle coordinates. Denoting this holomorphic isometry as X^ when 
acting on the complex coordinates (p^ = (<l>^, \1//) of the hyperkahler manifold, it is easy 
to see that it is tri-holomorphic, Cxi^ah = where (iab is the canonical symplectic form. 

Now let us consider gauging the isometry. In section |3} we did this in a manifestly 
covariant way to avoid dealing specifically with the vector prepotential. This required the 
addition of a fictitious target space coordinate when the function F discussed above was 
nonzero. We could follow that same procedure here, but for the sake of clarity we will 
take an alternative approach where the modifications induced by the gauging are more 
transparent. 



We follow the procedure described in [32], which was based on [15]. From (7.42), it 
follows that 02] 

X^Ki = iD + F (7.44) 

where D is a real function, the Killing potential. We consider a complexified transfor- 
mation 6T^ = —AX^ where A is an arctic superfield and introduce a tropical abelian 
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prepotential V which transforms as V^ — )■ V^ + iA — iA. The original Lagrangian K can 
then be modified to 

giVL^-l i 

K + V—-—D = K + VD + -V^LjiD + ■■■ (7.45) 

1 V L/x ^ 

where Lx-D = X^ djD. This new Lagrangian is the gauged cr-modeL 

The AdS geometry comes equipped with an intrinsic vector multiplet whose prepo- 
tential Vacis is defined up to a gauge transformation. The construction of VAds is given in 
appendix [Bj The relevant details here are that Vacis, when written in terms of the rotated 
6i and 6 and projected to ^2 = ^" = 0, is given by 

I02/ i A/..^^ , ^Zi2/ i 



^Adsl = -^0' [- - A'(^) 1 + Cr ( - + A'(^) 1 . (7.46) 

The first term in both sets of parentheses is dictated by the requirement that VAds possess 
the correct frozen vector multiplet field strength Wq = 1/sz. The second term turns out 
to be pure gauge and has no effect on Wq. It is possible to show that the gauge connection 
associated with VAds, when projected to 62 = 0^ = obeys A^\ = Aai\ = Aajs] = 0, 
while Az\ = A' (2;). In other words, from the 3D M = 2 superspace point of view, the 
connection is pure gauge arising from a 2;-dependent gauge transformation. We present a 
proof of this in appendix [B] for the curious reader. 

We can separate VAdsl into two pieces, V(+) and V(-), which represent the arctic and 
antarctic components, 

^Ads| = l^(+) + ^(-), l^(+) = C^' (^ + A'(^)) , \/(_) = 1^2 (^ - A'(z)) . (7.47) 

Note that V(+) and V(_) are nilpotent, (V(+))^ = (V(-))^ = 0. From this observation it is 
possible to show that the gauged Lagrangian can be written 

S=— (f ^ [ d^xdz d^e d^0 -\-K(f, t) , fi = ri _ [V(+)X\T) . (7.48) 

2vri/c C J [szy 



The superfield T^ is the covariant arctic superfield which we discussed in section [3J here 
we have constructed it explicitly and denoted it with a circumfiex. One can easily see its 
lowest component $'^ = Tq remains chiral, but the next component S^ = T{ obeys a new 
modified complex linearity constraint, 

-Ifj^E^ = id A' + (— + i^'(^)) ^'(*) • (7-49) 
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Because A' (2;) may be interpreted as a ^-dependent gauge connection A^, the above ex- 
pression can be interpreted as 

--D^t^ = iV,¥ + —X\^) , V,^^ = d,^^ + A'(z)X\^) . (7.50) 

4 sz 

The ehmination of auxiharies proceeds exactly as before and the form of the La- 
grangian on the tangent bundle is unchanged, except for the modification to the complex 
linearity constraint. However, upon dualizing to the cotangent bundle, we find 

5'dual = j d^X dz d^d d^^ 7^K($, ^, I, Ir) 

d^xdzd^e-\^^i(iV,^^ + —X\^)] +C.C. (7.51) 

[sz)'^ \ sz J 

where as before 

K($, ^, $, I') := £($, S, !>, S) + t^^i + t^j (7.52) 

When recast into general chiral coordinates, this Lagrangian matches that postulated in 



( |7.34D . 

To complete the equivalence, we must determine the modified transformation laws for 
$-^ and ^/. Letting e correspond to the U(l) generator, we define a covariant weight-zero 
arctic mult ip let T by 

t = exp {V^+)e) T . (7.53) 

(For the arctic multiplets we have been discussing, ieT^ = X^ .) The corresponding 
covariant derivatives are T^a- The covariant arctic multiplet T is defined to transform 
covariantly, 

ST = - (i'^'DA + X'Khj + i re) t , (7.54) 

where F is real, while the original arctic multiplet transforms as 

<5T = -(i^DA + \''.h + iAe)t , (7.55) 

where A is arctic. Together, these imply that V(+) should transform as 

'5V(+) = -{i^DA + \''Jr,)Vi^+) - i {^Ab + F - A) . (7.56) 
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Note that this imphes that V transforms as a projective multiplet of weight zero, up to a 
A-gauge transformation 



6V = -{^^Da + \''J^J)V + i (A - A) . 



(7.57) 



From the discussion of the intrinsic vector muhiplet in section |2j we know that F is 
given in the AdS frame by F = 2e. Repeating that analysis in the Minkowski frame, that 
relation becomes 
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1 



-A 



This leads to 



s 



6j:' 



v"'Y-/ 



- CT^.t^ + 2iAS^ + -ieS^ 
s 



where 



ie¥ = X^(|)) , ieS^ = t^djX^^) 
The additional terms we have added to 5$^ lead to 

s 4 



(7.5^ 



(7.59a) 



(7.59b) 



(7.60) 



(7.61) 



which is manifestly chiral. Note the appearance of the new gauged isometry term. Per- 
forming the duality in the usual way leads to a similar modification for 5^/, and we find 



s 4 V 9^7 



dK 



(7.62a) 
(7.62b) 



where ie\E'/ = — 9/X ($) ^j. These are the isometrics of the action (7.51). Generalizing 



the action and the transformation law to general chiral coordinates, we find (7.34) and 



(7.35) 



^^Calculating F is a bit more technical in the Minkowski frame than in the AdS frame. In particular, 



there are additional more complicated terms in (7.581, which vanish when we project to O2 ^ = 



But (7.581 is the only result we require. 
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8 Hyperkahler geometry for cr-models in AdS 

In the preceding sections, we have mainly been interested in 4D a-models with M = 2 
supersymmetry drawing inspiration from those which emerge naturally from projective 
superspace descriptions of AdS^'®. In rewriting these models in terms of a superspace 
with only four Grassmann coordinates, there are two possible choices: the conventional 



AdS frame corresponding to (1.3a), and the 3D foliated frame corresponding to (1.3b). 
However, no matter which intermediate superspace we choose, it is clear that the compo- 
nent actions must be identical after eliminating the remaining auxiliaries and the target 
spaces must also be identical. For that reason, we focus in this section on demonstrating 
the general features of a hyperkahler target space M. with a U(l) Killing vector V^ which 
rotates the complex structures. We collect a number of geometric results and give the 
equivalent objects in both the AdS and 3D foliated pictures. Background information on 
hyperkahler geometry can be found, e.g., in [H H5] . 

8.1 General structure of the cr-model target spaces 

Let A^ be a hyperkahler manifold equipped with three complex structures {JaYu along 
with a U(l) isometry V^ which acts as a rotation on them. Without loss of generality, 
we take 

CvJi = -J2 , CvJ2 = +Ji , CvJz = . (8.1) 

The three Kahler two-forms are 

^A = \ {^A)^.u d^'^ A d^'^ , (I^a)^. = 9^.p{JAYu • (8.2) 

From VLi and ^2 we construct the complex (2, 0) and (0, 2) forms with respect to jTs 

n± = -l^i ± ]-n2 , £yn± = ±in±. (8.3) 

r2_|_ is holomorphic with respect to J^. 

Each of these two-forms is closed by construction. Due to the properties of the Killing 
vector V^, it turns out that complex structures VL+ and r2_ (and any linear combination) 
are actually exact. This is easily proven. Consider p+ := — izy^+j which is a holomorphic 
(1,0) form with respect to J-^. It is a simple exercise to show that dp+ = fi+. Similarly, 
p_ := +iiyVL_ obeys dp_ = i7_. It follows that pi = p+ + p_ and p2 = — i(p+ — P-) 

64 



are the potentials for Qi and Q2, and they are given by pi = tv^2 and p2 = —ty^i- 
Note however that the third Kahler two-form ^^3 need not be exact. Because some of the 
Kahler two-forms are exact, Ai must be a non-compact manifold. 

Because V^ is holomorphic with respect to jTs, we may introduce a real Killing poten- 
tial x: [la SH] 

V^ = ^(J3)^V^/C (8.4) 

which is defined up to a constant shift. It is straightforward to show that /C is the 
Kahler potential with respect to J7i and J'2 and indeed any complex structure J7j_ which 
is perpendicular to J'3. In other words, 

gi^u = ^V^V./C + ^iJ±)/iJ±)u^VpV.}C . (8.5) 

Because V^/C is a globally defined one- form, this implies that the Qi and ^2 are exact, 
Qi = dpi and ^^2 = dp2 with 

^V^/C ( Ji)^d0^ , P2 = ^ 
These may be alternatively written 



Pi = o Vm^ {jiTudr , P2 = T^v^/c {j2rudr ■ (s.e) 



Pi = V^ iJ2r,d<P'' , P2 = -V^ iJiTM" ■ (8.7) 

Let us now suppose the space is equipped with a tri- holomorphic isometry X''. It 
follows that X^^ is associated with three distinct Killing potentials -D(a), 

X^ = -{JAYvVDi^A) (no summation on A) . (8.8) 

One can show that if Jal is some complex structure orthogonal to J a, then D(^a) is the 
real part of a holomorphic function with respect to Ja±i 

= V^V,D(A) + (Ja±)/(:7a±).'^VpV.D(a) . (8.9) 

Some of these Killing potentials possess elegant geometric definitions if we specialize 
to the case where [V,X] = 0. Consider the set of real functions 

F^A) = V^{nA)^.uX'' = ixtv^A . (8.10) 

One can show, using Cartan's formula Cx = ^x d + d ^x and the identity Cx W — t-Y C.x = 
«[x,Y], that 

dF^A) = -txCvVlA ^^ V^F^A) = -X''Cv{nA)ut. (8.11) 
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or equivalently 

dF(i) = ^dD(2) , dF(2) = -^dZ}(i) , dF(3) = . (8.12) 

The first two relations tell us that D(i) and D{2) can be chosen as 

D(i) := -2V^'{n2),,X^ , D(2) := 2V''{Q^),,X'' . (8.13) 

Remarkably, the Killing potentials for X for any complex structure orthogonal to jTs are 
purely geometric quantities (i.e. globally defined scalar fields). The third relation in 



(8.12) means that -F(3) must be constant and it is easy to see that it must be given by 



F(3) = -CxJC = const . (8.14) 



We have seen that in models derived from projective superspace, the constant in (8.14) 



is actually zero. It will be shown in subsection 8.2 that this constant is always zero 



We may construct a new U(l) vector V'^ = V^ + rX^^ for r G M, which also rotates 
the complex structures. The constant r is determined by our normalization convention 
for X^^. The choices we have made in earlier sections amount to r = — l/2s. It is easy 
to see that the corresponding Killing potential is /C' = /C + rD{^). This is just a Kahler- 
like transformation: /C is the Kahler potential and D(3) is the real part of a holomorphic 
function with respect to any complex structure orthogonal to jTs. Similarly, the shift in 
V'^ induces gauge transformations in the one-forms 

Pi = Pi + ^dD(2) , P2 = P2 - ^dD(i) . (8.15) 

Of course, Vti and ^2 are unchanged by this shift. 

8.2 Geometry in the 3D foliated frame 

Let us now specialize to 3D foliated frame, where the complex structures are 




where V^ acts on them as in (8.1). We may choose J^ = 13- However, it is not completely 
obvious that Ji and J2 should be identified with Ji and J2- The most we can say is that 
they are identified up to some rotation. Let us assume J7i = Ji and J2 = J2- 
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Here the Kahler two-forms have the conventional form 



fii = 2^ab d0" A d0^ + -Cj-,1 d0^ A d0^ 



1 



A 



with 



^2 — — ^i^ab ' 



fis = -i(7ab d0" A d0^ 



f]+ = -Wab d0" A d0^ 



1 



+ -a;ab d0^ A d0^ 



(8.17a) 

(8.17b) 
(8.17c) 



fi_ = -a;,Bd0^Ad0^ 



r2+ and f2_ are exact (and similarly Vti and VL2) with 

These are holomorphic and anti-holomorphic with respect to J 

holomorphic Killing vector field \^^(</)) is related to i^a(0) according to eq. (7.7) 



(8.19) 



We recall that the 



Let us now demonstrate that the constant in (8.14) is actually zero. As argued at 

= ($',*/) 



the end of subsection 7. 1 we can always choose local complex coordinates 



on M. such that H^^ and V^ have the form (7.12a) and (7.12b) respectively. In these 
Darboux coordinates, the hyperkahler potential K(0, (p) is given by eqs. (7.13) and (7.14). 



Moreover, for the Killing potential /C(</), (j)) associated with V we derived the explicit 



expression (7.15). Since /C is at least quadratic in 0's and 0's, the function Cx^ is at 



least linear in the superfield variables (i.e. no constant term is present in the Taylor series 



for CxIC). As a result, the only option for the relation (8.14) is 



CxlC = . 
If we have a tri-holomorphic Killing vector X^, we may conventionally choose 

for some holomorphic function W. It follows that 

D(i) = -2{W + W) , D(2) = 2i{W - W) , 
where 



(8.20) 



(8.21) 



(8.22) 



W 



-iV^u^^X" . 



(8.23) 
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8.3 Geometry in the AdS frame 



The complex structures for this geometry were given in (1.10) and (1.11). However 



we are free to choose a different basis for the complex structures. To make contact with 



the assumptions made in eq. (|8.1|), let us choose jTs to be the invariant complex structure, 

1 / fiu^i 



Ji. = J I cos 9 + J2 sin 9 



(8.24) 



We are free to choose J7i and 1/2 however we like, provided we maintain the conditions 



(8.1 ). The simplest choice is to let one of them be the diagonal complex structure, say 



i6\ 
-i6%^ 



25) 



The other is then found to be 



J^2 = Ji sin 9 — J2 cos 9 



_1 / -ifiu'^i 
Ia*! \i/ia;"b 



(8.26) 



It is a simple exercise to check that this choice for the complex structures respects the 
quaternionic algebra. 



We easily see that V^ given by (|8.4|) is indeed 

ya 



^^ , ,abtr 



2|/x| 



ya 



-UJ K.I 



2|/i| 



(8.27) 



By construction, /C is the Kahler potential with respect to J7i; moreover, it must also be 
the Kahler potential with respect to any complex structure orthogonal to J^. As discussed 
in the previous subsection, /C is also a globally defined function. 



The first Kahler two-form is the usual Kahler form, 

n^ = -igai<^^'' A d(^^ . 
It is exact, Vti = dpi, with 

Pi 
The second is 



'-ICA^'^ - '^ICid^' 



n^ = ^ojab dip"" A dv9^ - ^Uab dip^ A d(^^ 

IpI IpI 



(8.28) 



(8.29) 



(8.30) 
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Remarkably, this is also exact, with 



P2 = :^X-aOj\dcp' - ^IC^cu^d^' = -iKdv^" + iVgdv^"^ . (8.31) 



However, the third Kahler two-form. 



^3 = J^uJab d^'^ A d^^ + -^w^s d^^ A d^^ , (8.32) 



is not exact. 



Suppose again that X" is a holomorphic isometry which commutes with V"'. We know 
that there must be two Killing potentials with purely geometric definitions. The first is 

D(l) = -iX^'JCa + iX'^lC-a . (8.33) 

This is the usual Killing potential for a holomorphic isometry since Ji is the diagonal 
complex structure. The remaining two Killing potentials, D{2) and D(3) must be the 
real part of a holomorphic field. Because X"" is tri-holomorphic, we may introduce a 
holomorphic function W , with 

X"^ = -u^'^Wb . (8.34) 

It is straightforward to show that (up to a constant) 



- - — , ^(3) = -2L" — + — 



D^2) = -2i|/x| — - — , ^(3) = -'2\^i\ ( — + — ) • (8.35) 



In particular, the shift V ^ V — X/2\jj,\ does indeed correspond to a redefinition of the 
AdS Lagrangian by /C -)> /C + W/ ^, + W/p,. 

The second Killing potential with a purely geometric definition is 

D(2) = 2iX"K - 2iX~^Va . (8.36) 

It follows that 

-2i|/i| — = 2iX"K - 2iX''Va , (8.37) 

V/i fi J 

which we can interpret as a definition of the imaginary part of W/n. There is no corre- 
sponding definition for the real part. 
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9 M = 2 AdS supersymmetric cr-model on T*CP^ 



For the general off-shell cr-model (1.26), the two schemes to eliminate the auxiliary 



superfields, which we presented in sections 3 and 6, were purely formal. Indeed, in sections 



3 and 6 we assumed that the problems of solving the auxiliary field equations (3.12) 



and (6.14), which originate in the AdS frame and in the 3D foliated frame respectively. 



had been solved. In practice, however, these equations are very difficult to solve. In 



the 3D foliated frame, solutions to the equations (6.14) are known for a large class of 
M = 2 supersymmetric a-models in AdS4 in which the fields take their values in the 
cotangent bundles of Hermitian symmetric spaces. These solutions were briefiy described 



in subsection 6.3 As concerns the AdS frame, no exact solution of the auxiliary field 



equations (3.12) is known except for the case when -ft'($, $) corresponds to a fiat Kahler 
space. Here we consider a specific example, the cr-model on the cotangent bundle of CP"", 



where the problem of solving the auxiliary field equations (3.12) can be bypassed, and 



the hyperkahler potential, /C($, \l/, $, \1/), in (3.18) can be found by using superconformal 
techniques developed in [59] . 

We recall that the manifestly Af = 2 supersymmetric action in AdS4, eq. (1.23), can 



be reduced to A^ = 1 AdS superspace pUj. The result is eq. (3.1), which we repeat here 
for convenience, 



S 



d'^xd'^ed^e EC, c 



dC 



c 



2vriC 



-M'KC) 



where we have introduced the Lagrangian £'^'(C) definec^" by 



(9.1) 



(9.2) 



and made use of the bar-projection (1.7). 



Let us consider a special M = 2 supersymmetric field theory in AdS4 describing a 
tensor multiplet 'H^'^\ 



K2) 



n^^)(^y)=U^^)(^y)=U'Jy.y 



J ' 



Wfc^ii) ^ f)(^y^i3) = 



(9.3) 



coupled to a system of weight-zero arctic multiplets T^ and their smile-conjugates T^. 
The Lagrangian is 



£(2) = •h(2)^(X^ f ) 



(9.4) 



^''The inhomogeneous complex coordinate for the north chart of CP^, (, is defined as usual: u* 
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where K{^^ , $"') is the Kahler potential of a real analytic Kahler manifold X. If we freeze 
the tensor multiplet, 

n^''> -^ ^5(2) (9.5) 



then the Lagrangian reduces to that describing the cr- model (1.26). Note that the action 



is invariant under the Kahler transformations (1.27). 



Upon projection to TV = 1 AdS superspace, 'H^'^^{C) readi 



21 



n^'\C) = ^X + G-Cx, 'D^X = 0, i&-Afi)G = 0, G = G. (9.6) 
For the arctic multiplets we get 

oo 

T^(() = ^C"T^ = $^ + (S^ + 0(C') , Vo,<l>' = 0, {& - 4fi)J:' = . (9.7) 

n=0 

The M = 1 AdS superfields Tg, T3, . . . , are complex unconstrained. 

The theory (9.4) is J\f = 2 superconformal. Since AdS^'® is conformally flat, the 



theory can be re-formulated in A/" = 2 Minkowski superspace where its Lagrangian has 
essentially the same form, L^'^'> = H^'^^K(T,T), but the supermultiplets H^'^\ T and T 
are projective with respect to the flat covariant derivatives. In Minkowski superspace, 
the auxiliary superfields have been eliminated in [SU] for one particular case of A" - the 
complex projective space CP". Here we can use the flat-superspace results of [5S] and 
then lift them to AdS using the consideration of superconformal invariance. This will 
allow us to obtain a formulation in terms of A/" = 1 chiral superfields for the a-model 



(1.26) in the case X = CP^. In other words, we can use the same superconformal model 
to derive the hyperkahler potential for T*CP" both in the AdS frame and in the 3D 
foliated frame by making a different choice of S^'^\ 

1 r , — ; — T": H — , — rC , AdS frame ; 

7/Pl = -L^t^l = J 2|^| C 2|/i|'" (9.8) 

I 1 , 3D foliated frame . 

Using standard inhomogeneous coordinates for CP", the Kahler potential and the 
metric are 

Ki<^, $) = r^n 1 + -$^$^ , g,j{<l>, ^) = ^ '''— - ^^ ^^-r,, , (9.9) 



^In what follows, we do not indicate the bar-projection. 
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where /, J = 1, . . . , n and r^ = const. We recall that the Riemann curvature of CP" is 
^hJihJ2 '■= ^hJihJi ~ dMN^hiJ^j^j^ = -^\^9hJi9i2J2 +9hJ29hJij 5 (9.10) 



and hence 



j]hj^Jij^hji 



IlJlhJ2 - ~Z^9l2J2 



S^^ISI 



ix^j 



^,j(<|.,$)S^S 



Upon elimination of the auxiliary superfields, the Lagrangian becomes [59] 



£($, <l, S, S) = G K{^, $) + xA^/($, m' + xKj{^, $)E^" 

l-|S|Vr2 



+r'<^Gln 



where 



-r^JM - G In (G + e)} , 

H:= VG2 + 4XX. 



(9.11) 



v/G2 + 4xx(l-|S|Vr2)} 



(9.12) 



(9.13) 



The theory (9.12) possesses a dual formulation obtained by dualizing the complex 



linear tangent variables S^ and their conjugates S^ into chiral superfields \1// and their 
conjugates '^j, 'D^'^j = 0. One first replaces the action with a first order one, 



s= I d^x d^e d^e E \ £($, $, E, s) + s^^/ + s^'^ J . , 



(9.14) 



where S"^ and S"^ are chosen to be complex unconstrained. Next, one eliminates these 
superfields with the aid of their algebraic equations of motions, ending up with the dual 
Lagrangian 



K($, ^, $, ^) = G K{^, (!))-r^lB.-G In (G + H) | 

^e2 + 4|^ + xVfs:|Vr2 - G In (yWTM^T^VK^J^ + '^) I 



where 



^ + xVK\' := (7^-^ vl>, + ^Kj{^, $) H/^- + ^Kj-{^, $) . 



Under the Kahler transformation (1.27), the chiral one-form \1// changes as 

^/ — ¥ ^/-xP/($), 



^We view the tensor multiplet as a background field. 



(9.15) 



(9.16) 



(9.17) 
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and this transformation is clearly consistent with the chirality of \1//. The reason for the 
non-invariance of \1// is that the terms 



d^x d^^ d^e E \xKi{^, $)S^ + x^j($, $)S" 



(9.18) 



in (9.14) are not invariant under the Kahler transformations when S^ is complex uncon- 



strained. 



In the limit G = 1 and x = 0' the Lagrangian (9.15) reduces to the standard 



hyperkahler potential for the cotangent bundle of CP", see e.g. |21j . 



K(<l>,^,<l>,^) =K(<l>,<l>)+r^ Vl + 4|^|2/r2-l -r^ln 



v/l + 4|^|Vr2 + l 



. (9.19) 



This is the hyperkahler potential appearing in the 3D foliated action (6.26) with Darboux 



coordinates $'^ and \1//. It is invariant under a U(l) Killing vector field V of the standard 



form (7.12b). The complex coordinates <^^ and '^ i naturally diagonalize the preferred 



complex structure J = J-^ with respect to which V is holomorphic. 

We are actually interested in a different limit, (7 = and x = i/^/2|yu|, which gives us 



the formulation in terms of A/" = 1 chiral superfields for the a-model (1.26). Implementing 
this limit gives 



/C($,^,<l>,^) 



'1 + ^ m +l-y-VK{^,^) 

\r^\ 



— r 



(9.20) 



with a different set of Darboux coordinates $^ and \I^/, which diagonalize a different 
complex structure J3 = jTi. The Lagrangian is globally defined on T*CP". The corre- 



sponding U(l) Killing vector field (1.13) is not holomorphic with respect to the diago- 
nalized J3 = J'l, but rather with respect to J = jTs. This should be compared with eq. 



(7.18 ) which is the expression for /C in terms of the complex coordinates which diagonalize 



J3. 



10 Conclusions 

One of the important findings of this work is the observation that the most general 
M = 2 supersymmetric a-model in AdS4 can be described in terms of an off-shell a-model 

^■^It should be kept in mind that the hmit G — 1 and x — cannot be performed in the AdS frame, 
but instead only in the 3D foliated frame. 
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in projective superspace given by eqs. (1.23) and (1.26). This model is associated with a 



real analytic Kahler manifold X with Kahler potential K{^^ , $"') which appears in (1.26). 
As demonstrated above, there are two ways to relate this off-shell formulation, realized 
in terms of covariant weight-zero arctic multiplets, to a formulation in terms of ordinary 
chiral superfields: (i) using the AdS frame; and (ii) using the 3D foliated frame. In the 



AdS frame, one ends up with the a-model (1.9) in which the Lagrangian IC{(p"',(p) is a 



globally defined function over the hyperkahler target space Ai such that /C is the Kahler 
potential, g^i = dadiJC, with respect to any complex structure orthogonal to the preferred 



one J, eq. (1.16), which is invariant under the Killing vector V rotating the complex 



structure. The covariantly chiral superfields y?" in (1-9) are complex coordinates with 
respect to a certain complex structure, J3, orthogonal to J. In the 3D foliated frame, one 
ends up with the cr-model ( |6.26[ ) in which the Lagrangian is 

K(0% 0^) = K($^ ^7, $^", ^j) = K{^, $) +n{^, ^, $, ^) , (10.1) 

where 

00 
7/($,*,$,^) =J2'H''"'-''"'-{^,^)'^i,...^i^^j-,...^j-„. (10.2) 

n=l 

Here Ti^'^ = g^^ and the coefficients ']-i^'^"-^riJi-Jn ^ fQ^. ^^ > 1^ are tensor functions of the 
Kahler metric gjj(^^, $) = didjK(^, l>) on X, the Riemann curvature Rjjxl{^i ^) ^ind 
its covariant derivatives. The superfield Lagrangian K(0'^, 0*^) is the Kahler potential of A^ 
in complex coordinates 0^ with respect to the preferred complex structure J. Associated 
with K(0'^, 0^) is the globally defined function of M. 

/C(0% 0^) = 2^i^H{^, *, <!, ^) , (10.3) 

which is the Killing potential for the Killing vector V (which is holomorphic with respect 



to J). The function /C(0^, ) coincides with the superfield Lagrangian }C{(p°', cp ) in (1.9), 
however they are written down in terms of different coordinates for M.. The former is 
given in terms of the complex coordinates with respect to J, while the latter is defined in 
terms of the variables ip"' which are complex coordinates with respect to the orthogonal 
complex structure J3. 

In conjunction with the results of [U [2], our work shows that there is a one-to-one 
correspondence between M = 2 supersymmetric a-models in AdS4 and those hyperkahler 
manifolds which possess a Killing vector field generating an SO (2) group of rotations on 
the two-sphere of complex structures. This clearly differs from Af = 2 Poincare super- 
symmetry where arbitrary hyperkahler manifolds can originate as target spaces of A/" = 2 
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supersymmetric a- models [31 HS] . The difference between the cr-model target spaces which 
are allowed by A/" = 2 Poincare and AdS supersymmetries can nicely be demonstrated in 
terms of the most general off-shell 4D M = 2 supersymmetric a-model in flat projective 
superspace M'^'^ x CP^ formulated in |8j. The action is 

S = ^ ^ld'xd'9d'eL{T',T\0 , (10.4) 

where the Lagrangian is an essentially arbitrary function of its arguments. As shown in 
[60] . L{T^ , T"^, has a geometric origin and can be defined for any hyperkahler manifold. 
The target space of this M = 2 supersymmetric cr-model in Minkowski space can at the 
same time originate as the target space of some M = 2 supersymmetric cr-model in AdS4 
only if the Lagrangian has no explicit ^-dependence, 

L(T\T^X) -^ K{T^,f-^). (10.5) 



In the case of Minkowski space, it is well known |6Tll3o] that adding a superpotential to 
an Af = 2 supersymmetric cr-model requires the target space to possess a tri-holomorphic 
Killing vector field. We have found an additional restriction in the AdS case: this tri- 
holomorphic Killing vector must commute with the Killing vector V which rotates the 
complex structures. 

Many results of our work can be naturally extended to five dimensions. Within the 
projective-superspace setting, general off-shell cr-models in 5D Af = I AdS superspace 
were formulated in [15]. A 5D analogue of the 3D foliated frame was developed in [T6] . 
One can repeat the analysis of section 6 for the case of the off-shell A/" = 1 a-models in 
AdS5 proposed in [TB] . The results of such an analysis will be the most general 5D J\f = 1 
supersymmetric cr-model in AdSs realized in terms of 4D A/ = 1 chiral superfields [621 163] . 

There still remain a number of interesting open questions. In particular, in our discus- 
sion of gauged Af = 2 supersymmetric cr-models in AdS4 the vector multiplet was chosen 
to be intrinsic, since our goal was to derive the superpotential generated. It is of interest 
to study the general structure of gauged Af = 2 supersymmetric cr-models in AdS4. This 
will be reported in a separate publication 



Another interesting issue, which we only briefly touched upon in section 7.1 , was that 
the supersymmetry algebra of the general 3D foliated cr-model closes off-shell, which is 
quite distinct from the Minkowski case |45j . It was shown in [U |2] that the general Af = 2 
supersymmetric cr-model in the AdS frame also has a closed algebra, with the SO (2) 
generator of AdS mimicking the action of a central charge. It is unsurprising that the 3D 
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foliation should have the same feature, and it would be interesting to develop an off-shell 
Fayet-Sohnius Af = 2 superfield formulation (as in the AdS frame [2j) for the 3D foliated 
frame. 



One last question regards the two choices of s*-' we have made, eq. (1.3b), which led 
to the AdS and 3D foliated frames. At the level of the hyperkahler target space, these 
two frames are related by a non-holomorphic coordinate transformation which effects a 
rotation on the complex structures. At the same time, this coordinate transformation 
acts as a simple SU(2) rotation on the original projective multiplets which defined the 
action. The explicit link between these two operations remains unexplored. We expect 
that for the wide class of symmetric spaces studied in [181 US EOl EU |22l |23] , it should be 
possible to construct this coordinate transformation explicitly. 
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A Killing vectors 

Within the formulation of A/" = 2 conformal supergravity used in this paper [TT] , 
a superconformal Killing vector consists of a superspace diffeomorphism and structure 
group transformation encoded in the parameter 

e = ^""-Da + \\'''Ma + X'^Jij , (A.l) 
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along with a super- Weyl transformatioE^ associated with a chiral superfield S, so that 
the covariant derivatives are invariant, 

6^Vj^ + 6sVj( = . (A.2) 

If the covariant derivatives I^^ are associated with an AdS geometry, then the AdS Kilhng 
vectors are those with S = 0, i.e. 5^1^^ = 0. For such a geometry, the properties that 
the Kilhng vector ^ must obey have been worked out in detail ^U\. For our purposes, the 
relevant features are that all the parameters can be derived from C,aa, which must obey 
the relations 

Vl^^^ = Vfc^'^ = , (A.3a) 

V^^V^^e^ = V^p'^e^ = . (A.3b) 

The first condition, known as the master equation, holds for a superconformal Killing 
vector, while the second imposes the additional requirement that the vector is AdS Killing. 
Together, it is easy to show that these imply the superspace version of the usual Killing 
equation 

Va^b + V,ia = . (A.4) 

The remaining parameters ^f , A"^ and A*-' can be derived from C,a and are given in ^U\ 
(see also [2]). For example, one finds that A*-' = 2eS^^ for some real superfield e. 

Our interest is in the 3D foliated version of AdS, which we constructed explicitly in 
section 4.2 in terms of a chiral superfield a given in (4.39) with the choice (5.25) and 



a = — i. In section A.l, we explicitly construct a solution for the AdS Killing vectors 



using a. Then in section A.2, we perform the rotation described in section 5^ and give a 
new form of the Killing vectors relevant for the 3D M = 2 superspace used in sections [6] 
and[7l 



A.l Killing vectors in 3D foliated AdS 



As discussed in section 4^, the fiat Minkowski derivatives D_a^ are related to the AdS 
covariant derivatives "D^ by a super- Weyl transformation. Superconformal Killing vectors 
on both spaces are similarly related. The easiest way to derive the relation is to consider 



^^ Within [TT], the super- Weyl parameter was denoted a. Here we use S to avoid confusion with the 
finite super- Weyl transformation <j connecting the AdS frame to the Minkowski frame. 
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a superconformal Killing isometry acting on a scalar function T of vanishing super- Weyl 
weight. Within AdS, this isometry is 

^T = -i-^Vj, = -^E^T (A.5) 

while in the Minkowski frame 

^J = -^^DaJ" . (A.6) 

Equating the two results, one easily finds 

U = U e^"^'^/' , C = Ce^/^ + e^^^^y' (^C, A'^) (A.7) 

where a is the super- Weyl transformation connecting the AdS frame to the Minkowski 
frame. One can show that if C,a is a superconformal Killing vector in AdS, C,a must be a 
superconformal Killing vector in Minkowski, and vice- versa. 

Now we specialize to the case where C,a is an AdS Killing vector, obeying both equations 



(A. 3). One can show that ^a obeys 

Dj/«)^ = Df r^" = , (A.8a) 

Z^^^^/'^^ = WidacrC - 2DfaD''^U ■ (A.8b) 

Given these equations, it is straightforward to construct explicitly the solution for ^aa, 
from which all the other parameters can be constructed. The general solution to the first 



equation (A.8a) is the general M = 2 superconformal Killing vector in Minkowski, and is 
given by 

er = er + ret - ^f ^/3" - A.^'^J + ^f fc^^xf - ir/^^xf - 4^f r/^0," (A.9a) 

r =\i^l + Cr) - ^^kCT^O' - ^I'^^Ok (A.9b) 

g« = p<^" + (r + f)xr - ^%xl- - xf u;/ + xf fc,,xf + ^M^^l - Axl%e-, (A.9c) 

where x1 := x° + iOja^-QK The last equation above can be rewritten 

^2 = p« + (r + f)xl + u\xl - 2xihxl + xlk^- 2ie^a^ek - 2x\rl'aw''Qk • (A. 10) 

The constant parameters ef and "Pa are the supersymmetry and spacetime translation 
parameters, w^b is the constant Lorentz parameter, and Aj-' is the SU(2) parameter. The 
real and imaginary parts of r give constant dilatation and U(l) transformations. Finally, 
ka and ?7^ are the special conformal and S'-supersymmetry parameters. 
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The second condition (A. 8b) imposes restrictions on some of these constant parame- 



ters. One finds for the bosonic parameters 

p, = 0, u\ = , Ali = A^ = , r = f, h = . (A.ll) 

The first two constraints ehminate translations in the z direction as well as rotations 
mixing z with the 3D coordinates. The third constraint arises from A*-' oc s*-' as usual 
in AdS. The fourth eliminates the global U(l) freedom while the last eliminates special 
conformal transformations in the z direction. The constraints we find on the fermionic 



parameters are 



25 



eai = ie^, 6.2 = ie^, r^ " = i//f , ^ " = i//? • (A- 12) 

In addition to the parameters ^^, we will also need the explicit form of the SU(2) param- 
eter Ajj, which is given by 

^ij = 2^P{i^^) = -^i3 - ^^im + %^i) + 4ifcg^(ia*^j) . (A. 13) 

One could easily derive the Lorentz parameter A'^'', but we have no need for it. 

A. 2 A new basis for the Killing vectors 



In section 5.2, we introduced a new basis for the spinor covariant derivatives. The 



Killing vectors in the new basis, which we denote $, , can be found by identifying 
where the index a is restricted now to run over the 3D coordinates. A direct identification 



of these two formulae leads tc 
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r2 _ pa .= J_ [<:» _ ;<:A . P ■= — fj 



r := r , r := e , ^t ■■= -^ (er - ler j , c := ^ (c - icj • (a.is) 

In constructing the Killing vectors in this rotated basis, we should also rotate the constant 
fermionic parameters. Defining 

6r := ^(^r - ie7) , ^"^ := ^(r + i^) , (A.16) 



^^Here we make the choice a = — i as in the main body of the paper. 
^^We take A = i as in the main body of the paper. 
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we find that the constraints (A. 12) amount to 



77"^ = 



(A.17) 



In this transformed basis, a projective multiplet of weight zero transforms as 



5Q 



Cda + ed. + ^tDi + 'CDt + An + 2A12C + A22C' ) dA Q 



(A.18) 



It is possible to work out the new Killing vectors explicitly, but we need only their projec- 
tion to 62 = 6= 0. It turns out that Aii| = A22I = 0. The remaining pieces are defined 

as 



e--=e\ 



c ■■= r 



r := Ci 



P":=^ 



2 I 5 



A:=iA 



12 



(A. 19) 



We also use abbreviated notation for the constant parameters and for the residual 0i and 



6 coordinates: 



'1 ) 
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q1 



6 = 61 . 



(A.20) 



In terms of these, one findi 
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1 



^« = / + w^-x^ - -e^^^U'^^ee - 2i ea^e - 2i ea^O + 2rx^ + 2ik^ea^e 
- 2Jhx^ + x^k^ - 2ie'^^%Xc00 + z^k^ - -O'^O^k^ 



^b-^c^ 



a-^7.2 



2x''(r/a^a"6>) - 2x\f]a-^a''e) - i {7]a''e)e' + i {ecT^f])e 



- ix^r7^(ag)^" + {ee)f]'' + tO^ + 26/^%^" , 
C = 2rz - 2xhi,z + 2{r]e + f]e)z , 

A = -iAi^ - 2ir]e + 2ir/^ - 2kada^d . 



(A.21a) 

(A.21b) 
(A.21c) 
(A.21d) 
(A.21e) 



7.2 



Taking the 62 = 6 =0 projection of (A.18) gives the transformations (6.1) 



27 



The 4D sigma matrices used here can be replaced with 3D garama matrices. The result is given in 



(6.2) and (6.3) 
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B Prepotential for the intrinsic vector multiplet 

An abelian vector multiplet is described in Minkowski superspace by a reduced cliiral 
superfield W obeying 

DfW = Diy/ = , D'^W = D'^W . (B.l) 

Within projective superspace, these constraints are solved in terms of a projective prepo- 
tential V, which is a real weight zero tropical superfield 

+00 

V{z, v)= Y, C'Mz) , % = {-ifV^k , D^^^V = ^Wy = , (B.2) 

fc=— 00 

so that 

Here we have introduced the operators 

D^a'^ ■■= j^n^K ^ D^^ ■■= T^,^^K , (B.4a) 

{v,u) [v,u) 

^(-2) _ ^a(-i)^^i) ^(-2) _ ^(^-i)^a(-i) _ (B_4b) 

The field strength W is invariant under the gauge transformations 

V ^v + l^-l^ (B.5) 

for a weight zero arctic superfield A. 

Let us now specialize to the AdS intrinsic vector multiplet. For the case s— = s— = 
and s— = as, with a = ±i, we have 

W = -. ^— - . (B.6) 

s {zl + 2a^i2) ^ ' 

In the north chart of CP^, the prepotential V can be chosen 

where the analytic coordinates in the north chart are 

^i'^(C):=0^^, ^t^(C):=0^1, C:=(1,C), (B.8a) 

^(2)(^) = r«(C)^i'Hc) , ^"('HO = ^t^(C)^""(')(C) , (B.8b) 

za{0 = z + e<^\c)h + ^°-^i'Hc) • (B.8c) 
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One can check that this expression for V is indeed real under smile conjugation. Upon 
reduction to 3D A/" = 2 superspace, we find 

v\ = -(]:0' + ce') . (B.9) 

This prepotential corresponds to a frozen vector multiplet, which necessarily has vanish- 
ing component field strength Fmn- The specific choice of V made above turns out to 
correspond to a vanishing component gauge connection A^ as well. It remains possible to 
perform a gauge transformation on V to yield a non-vanishing (but pure gauge) Am- We 
will demonstrate this for the special case of an arbitrary z-dependent gauge connection 
A,. 

Let us perform a gauge transformation with A = A[za) where A is a real function and 



za:=z + e^^^e^-^^ + ^(-i)^(^) , (B.lOa) 

e):=g;, e^:=^, -. = (1,0). (B.lOb) 

The quantity za has already been introduced, and is well-defined in the north chart. Its 
smile conjugate za is given by 

ZA = z + ^(i)^'(-i) + e'^-^^P^ , u[ = (0, 1) , (B.ll) 

and is well-defined in the south chart. The antarctic gauge parameter is then given by 
A = A{za)- Now rotating the theta coordinates and projecting to the 3D M = 2 variables, 
we find za\ = z + i(9 which leads to 

iA| - iA| = iA{z + iCe^) - iA(z + i6>VC) = A'(2) (-6'' - Ce^\ . (B.12) 

The intrinsic vector multiplet with arbitrary pure gauge A^ is then given by 

1 



V\ = -e'[— + A'{z) ]+C6U—- A'iz) ] . (B.13) 

C \mz J \mz J 

It remains to verify our claim that V possesses a non- vanishing connection A^. We 
begin by observing that the 3D A/" = 4 spinor derivatives must obey 

^,X»^ = X»« = exp (V(+)e) £>« exp (-V(+)e) = £>« - r>«V(+)e . (B.14) 

This identifies the spinor U(l) connection as A^^^ = iZ)^^-'V(+). Note that because V = 
V(+) + V(_) is analytic, we can just as well denote A^^' = —iD^^'V(^), which implies 
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that A]^' = ViA]^ is defined everywhere on CP^. This allows the construction of all the 
connections. Using (B.2), we note that the analyticity condition D^ '^ — amounts to 



DlVn = DlVn-1 , DlVn = --DiK+i • (B.15) 

Defining V(+) := \Vq + Y1^=i KiC" it is straightforward to calculate that 

v,A'^ = i£>Wy(+) = '-CD^V, + ^/^.V(_i) =^ 

Ai = -'-D'-Vo , Al = \dIV^.,^ . (B.16) 

The vector connections can be easily derived from the spinor connections using 

{X>1, X»|} + {X>„i, X»^2} = -4i£«/3X>, , (B.17a) 

{X»i, X»^i} + {-Dj,, X»,i} = -4iX»„^ . (B.17b) 

Now let us specialize to the intrinsic vector multiplet and consider the projection 
to 62 = = 0. It is immediately evident that the zero mode Vq\ vanishes, and so 
A^l = Aai\ = 0. In other words, from the point of view of the 3D A/" = 2 superspace, 
there is no U(l) connection. The remaining connection we need to determine is A^. It is 
straightforward to calculate 



]((r>i)V(_i) - (i5i)V(i)) =^ A.I = A\z) . (B.18) 
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